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Chapter 1 

Gravitational Collapse 



1.1 The Chandrasekhar Limit 

A Star is a self-gravitating ball of hydrogen atoms supported by thermal 
pressure P ~ nkT where n is the number density of atoms. In equilibrium, 

E = -Egrav + -£'kin (1-1) 

is a minimum. For a star of mass M and radius R 

Egra.v ~ (1-2) 

£;ki„ ~ nR^{E) (1.3) 

where {E) is average kinetic energy of atoms. Eventually, fusion at the 
core must stop, after which the star cools and contracts. Consider the 
possible final state of a star at T = 0. The pressure P does not go to zero 
as T — > because of degeneracy pressure. Since me <C rup the electrons 
become degenerate first, at a number density of one electron in a cube of 
side ~ Compton wavelength. 

n~^^^ ~ 7— 7 5 {p) — average electron momentum (1-4) 

{Pe) 

Can electron degeneracy pressure support a star from collapse 

at T - 0? 

Assume that electrons are non-relativistic. Then 

{E) ~ (1.5) 
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So, since n = Ue, 



me. 



(1.6) 



Since rUe <C rup, M UeR^me, so 



fM\^/^ 1 

-Ekin ~ 



M 



and 



(1.7) 



constant for 
fixed M 



Thus 



E r-u - 



a P 



R i?2 

E M 



a, /^independent of R. 



(1.8) 



R ■ ~ 

-"-mm ^ 5/3 




The collapse of the star is therefore prevented. It becomes a White Dwarf 
or a cold, dead star supported by electron degeneracy pressure. 

At equilibrium 



M / UleG 2\2/3 



(1.9) 



But the validity of non-relativistic approximation requires that {pe) ^ mgC, 



I.e. 



< c 



rUe rrie 



or He ^ 



(1.10) 

(1.11) 
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For a White Dwarf this imphes 

■meG , 2n2/3 ^ rUeC 

(Mmp) < — (1.12) 

1. f^y^^ 



For sufficiently large M the electrons would have to be relativistic, in 
which case we must use 

{E) = {pe) c = hcnl'^ (1.14) 

£^kin ~ rieB? {E) ~ hcR^nj/^ (1.15) 

So now, 

Equilibrium is possible only for 

-, \ 3/2 

For smaller M, must increase until electrons become non-relativistic, 
in which case the star is supported by electron degeneracy pressure, as we 
just saw. For larger M, R must continue to decrease, so electron degeneracy 
pressure cannot support the star. There is therefore a critical mass Mc 

Mc^ — (-Y' Rc^^(—Y' (119) 

m| \ G J ruemp \ Gc J 

above which a star cannot end as a White Dwarf. This is the Chandrasekhar 
limit. Detailed calculation gives Mc — IAMq. 



1.2 Neutron Stars 

The electron energies available in a White Dwarf are of the order of the Fermi 

energy. Necessarily Ep ~ mgC^ since the electrons are otherwise relativistic 
and cannot support the star. A White Dwarf is therefore stable against 
inverse /3-decay 

e'+p'^^n + Ue (1.20) 
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since the reaction needs energy of at least (Am„)c^ where Am„ is the 
neutron-proton mass difference. Clearly Am > rUe (/3-decay would other- 
wise be impossible) and in fact Am Sm^. So we need energies of order of 
3meC^ for inverse /3-decay. This is not available in White Dwarf stars but for 
M > Mc the star must continue to contract until Ep ~ (Am„)c^. At this 
point inverse /3-decay can occur. The reaction cannot come to equilibrium 
with the reverse reaction 

n + Ue^e~+p'^ (1.21) 

because the neutrinos escape from the star, and /3-decay, 

n^e~+p+Pe (1-22) 

cannot occur because all electron energy levels below E < (Am„)c^ are 
filled when E > (Am„)c^. Since inverse /3-decay removes the electron de- 
generacy pressure the star will undergo a catastrophic collapse to nuclear 
matter density, at which point we must take neutron- degeneracy pressure 
into account. 

Can neutron-degeneracy pressure support the star against col- 
lapse? 

The ideal gas approximation would give same result as before but with 
me mp. The critical mass Mc is independent of me and so is unaffected, 
but the critical radius is now 

mp J m^ V / 

which is the Schwarzschild radius, so the neglect of GR effects was not 
justified. Also, at nuclear matter densities the ideal gas approximation is 
not justified. A perfect fluid approximation is reasonable (since viscosity 
can't help). Assume that P{p) {p = density of fluid) satisfies 

i) P > (local stability). (1.24) 

ii) P' < (causality). (1.25) 

Then the known behaviour of P{p) at low nuclear densities gives 

M^^ - 3Mo. (1.26) 

More massive stars must continue to collapse either to an unknown new 
ultra-high density state of matter or to a black hole. The latter is more 
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likely. In any case, there must be some mass at which gravitational collapse 
to a black hole is unavoidable because the density at the Schwarzschild 
radius decreases as the total mass increases. In the limit of very large mass 
the collapse is well-approximated by assuming the collapsing material to be 
a pressure-free ball of fluid. We shall consider this case shortly. 
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Chapter 2 



Schwarzschild Black Hole 



2.1 Test particles: geodesies and afRne parameter- 
ization 

Let C be a timelike curve with endpoints A and B. The action for a particle 
of mass m moving on C is 



where A is an arbitrary parameter on C and = we have 
/•As 

I [x] = -m d\^/^^¥¥%^ (c = 1) (2.3) 

J\a 

The particle worldline, C, will be such that 6I/6x{X) = 0. By definition, 
this is a geodesic. For the purpose of finding geodesies, an equivalent action 
is 




(2.1) 



where r is proper time on C. Since 



dr = \/—d^ = ^Z—dxi^dx^'gui, = ^J^^WW^^dX 



(2.2) 




(2.4) 



where e(A) (the 'einbein') is a new independent function. 
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Proof of equivalence (for m 7^ 0) 

51 1 , I dT , , 

= e = -y^^±^^±^= -— 2.5 

oe m m dX 

and (exercise) 

^ = ^ Z)(,)X'^ = (e-ie)x'^ (2.6) 

where 

D^^-^V^{\) = + I ^/^^ I VP (2.7) 



If ( |2.5| ) is substituted into ( p.6D we get the EL equation 51 /5x^ = of the 
original action I[x\ (exercise), hence equivalence. 

The freedom in the choice of parameter A is equivalent to the freedom in 
the choice of function e. Thus any curve x^{X) for which = x'^(A) satisfies 

D(^x)t^V^' = f{x)t^' (arbitrary /) (2.8) 

is a geodesic. Note that for any vector field on C, V^{x{X)), 

fD^V = f'duV + 1" I^^^^VP (2.9) 
-^y'^ + x'^l ^ ]vP (2.10) 



dX I P 

= ^(A)^'^ (2.11) 

Since t is tangent to the curve C, a vector field y on C for which 

i?(A) = /(A)F'^ (arbitrary/) (2.12) 

is said to be parallely transported along the curve. A geodesic is therefore a 
curve whose tangent is parallely transported along it (w.r.t. the affine con- 
nection). 

A natural choice of parameterization is one for which 

D(^x)t^ = {t^ = x^) (2.13) 

This is called affine parameterization. For a timelike geodesic it corresponds 
to e(A) = constant, or 

A oc r + constant (2-14) 
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The einbein form of the particle action has the advantage that we can 
take the m — > hmit to get the action for a massless particle. In this case 



(m = 0) 



(2.15) 



while ( p.6| ) is unchanged. We still have the freedom to choose e(A) and the 
choice e = constant is again called affine parameterization. 



Summary 

Let = — and a 



dX 



Then 



1 m / 
m = 



t■Dt^' 
ds^ 



-adX^ 



(2.16) 



are the equations of affinely-parameterized timelike or null geodesies. 



2.2 Symmetries and Killing Vectors 

Consider the transformation 

^x^"- ak^'ix), (e ^ e) (2.17) 
Then (Exercise) 



/ [x, e]^I [x, e]-^ 1/ dX e-^x^x-" {£kg)^, + O (a^) (2.18) 

where 



B 



{£k9)f,u = k^9nv^ + k\gxu + k^^yg\^, (2.19) 

= 2L>(^fc^) (Exercise) (2.20) 

Thus the action is invariant to first order if 

£kg = (2.21) 

A vector field k^{x) with this property is a Killing vector field, k is asso- 
ciated with a symmetry of the particle action and hence with a conserved 
charge. This charge is (Exercise) 

Q = kf'Pf, (2.22) 
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where is the particle's 4-momentuin. 

= dir^='-~^^^3^^ (2.23) 
= m-j—gui, when m 7^ (2.24) 

Exercise Check that the Euler-Lagrange equations imply 

Quantize, — —idjdx^ = —^^^J^. Then 

Q -ik^df, (2.25) 

Thus the components of k can be viewed as the components of a differential 
operator in the basis {5^}. 

k = (2.26) 

It is convenient to identify this operator with the vector field. Similarly for 
all other vector fields, e.g. the tangent vector to a curve x^(A) with affine 
parameter A. 

, = = = - (2.27) 

For any vector field, k, local coordinates can be found such that 

k = d/di (2.28) 

where ^ is one of the coordinates. In such a coordinate system 
d 

£k9ixv = -Q^a^iv (2.29) 

So k is Killing if 51^^ is independent of 

e.g. for Schwarzschild dtg^v = 0, so is a Killing vector field. The 
conserved quantity is 

dx'^ dt 
mk^— — gau = mgoQ— = —me (e = energy/unit mass) (2.30) 
dr dr 
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2.3 Spherically- Symmetric Pressure Free Collapse 



While it is impossible to say with complete confidence that a real star of mass 
M ^ 2>Mq will collapse to a BH, it is easy to invent idealized, but physically 
possible, stars that definitely do collapse to black holes. One such 'star' is 
a spherically-symmetric ball of 'dust' (i.e. zero pressure fluid). Birkhojf's 
theorem implies that the metric outside the star is the Schwarzschild metric. 
Choose units for which 



G= 1, 



1. 



Then 



2M 

r 



dt' +{l 



2M 

r 



dr^ + r^dn'^ 



where 



dn' 



sin^ Odif'^ (metric on a unit 2-sphere) 



(2.31) 
(2.32) 
(2.33) 



This is valid outside the star but also, by continuity of the metric, at the 
surface. If r = R{t) on the surface we have 

1-^1-11-^1 



ds' = - 



2M 



2M\ 



dt^+R^dn'^, 



R 



d 



dt 



(2.34) 



On the surface zero pressure and spherical symmetry implies that a point on 
the surface follows a radial timelike geodesic, so dQ,"^ = and ds^ = —dr"^, 
so 



1 



1 



2M\ 



1 



2M 



R' 



dt\- 
d^ 



(2.35) 



But also, since d/dt is a Killing vector we have conservation of energy: 

(2.36) 



dt ( 2M\ dt , , 
"500^ ^ i j venergy/umt mass) 



e is constant on the geodesies. Using this in ( p.35| ) gives 



2M\ 



2M 



R' 



2M\ 



-2 



or 



R' 



1 / 2MY (2M 9 



(2.37) 



(2.38) 



(e < 1 for gravitationally bound particles). 
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R = at R = i?max so we consider collapse to begin with zero velocity at 
this radius. R then decreases and approaches R = 2M asymptotically as 
t — > oo. So an observer 'sees' the star contract at most to i? = 2M but no 
further. 

However from the point of view of an observer on the surface of the star, 
the relevant time variable is proper time along a radial geodesic, so use 




(2.39) 



(2.40) 



* R 
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Surface of the star falls from R = i?max through R = 2M in finite proper 
time. In fact, it falls to i? = in proper time 

(Exercise) (2.41) 



(1 - £)3/2 

Nothing special happens at i? = 2M which suggests that wc investigate the 
spacetime near R = 2M in coordinates adapted to infalling observers. It is 
convenient to choose massless particles. 

On radial null geodesies in Schwarzschild spacetime 

dt^ = ^- ^dr^ = {dr*f (2.42) 

(l _ 2M^2 \ ' \ ' 

where 

- 2M 



r + 2M In 



2M 



(2.43) 



is the Regge- Wheeler radial coordinate. As r ranges from 2M to oo, r* 
ranges from — oo to oo. Thus 

d{t±r*) = on radial null geodesies (2.44) 

Define the ingoing radial null coordinate v by 

v = t + r*, -oo < v < oo (2-45) 

and rewrite the Schwarzschild metric in ingoing Eddington-Finkelstein co- 
ordinates {v,r,6,(p). 

ds" = (^1-^^ (-dt2 + dr*2) +rW (2.46) 
1 - dv'^ + 2dr dv + r^dQ^ (2.47) 

This metric is initially defined for r > 2M since the relation v = t + r*{r) 
between v and r is only defined for r > 2M, but it can now be analytically 
continued to all r > 0. Because of the dr dv cross-term the metric in EF 
coordinates is non-singular at r = 2M, so the singularity in Schwarzschild 
coordinates was really a coordinate singularity. There is nothing at r = 2M 
to prevent the star collapsing through r = 2M. This is illustrated by a 
Finkelstein diagram, which is a plot oi t* = v — r against r: 
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singularity 



r = 






light cone 



radial outgoing null 
geodesic at r = 2M 



surface of the star 



increasing v 



lines of constant v 



The light cones distort as r ^ 2M from r > 2M, so that no future-directed 
timelike or null worldline can reach r > 2M from r < 2M. 



Proof When r < 2M 

2dr dv = 



< when ds'^ < 



(2.48) 
(2.49) 



for all timelike or null worldlines drdv < 0. dv > for future-directed 
worldlines, so dr < with equality when r = 2M, dQ = (i.e. ingoing 
radial null geodesies at r = 2M). 



2.3.1 Black Holes and White Holes 

No signal from the star's surface can escape to infinity once the surface 
has passed through r = 2M. The star has collapsed to a black hole. For 
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the external observer, the surface never actually reaches r = 2M, but as 
r 2M the redshift of light leaving the surface increases exponentially fast 
and the star effectively disappears from view within a time ~ MG/c? . The 
late time appearance is dominated by photons escaping from the unstable 
photon orbit at r = 3M. 

The hypersurface r = 2M acts like a one-way membrane. This may seem 
paradoxical in view of the time-reversibility of Einstein's equations. Define 
the outgoing radial null coordinate u by 

u = t — r* , — oo < 7i < oo (2.50) 

and rewrite the Schwarzschild metric in outgoing Eddington-Finkelstein co- 
ordinates {u,r,6,4>). 



This metric is initially defined only for r > 2M but it can be analytically 
continued to all r > 0. However the r < 2M region in outgoing EF coordi- 
nates is not the same as the r < 2M region in ingoing EF coordinates. To 
see this, note that for r < 2M 



i.e. dr du > on timelike or null worldlines. But du > for future-directed 
worldlines so dr > 0, with equality when r = 2M, d^l = 0, and ds^ = 0. In 
this case, a star with a surface at r < 2M must expand and explode through 
r = 2M, as illustrated in the following Finkelstein diagram. 




(2.51) 



2dr du 




(2.52) 



> when ds'^ < 



(2.53) 
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This is a white hole, the time reverse of a black hole. Both black and white 
holes are allowed by G.R. because of the time reversibility of Einstein's 
equations, but white holes require very special initial conditions near the 
singularity, whereas black holes do not, so only black holes can occur in 
practice (cf. irreversibility in thermodynamics). 

2.3.2 Kruskal-Szekeres Coordinates 

The exterior region r > 2M is covered by both ingoing and outgoing 
Eddington-Finkelstein coordinates, and we may write the Schwarzschild 
metric in terms of {u, v, 9, 0) 

ds'^ = - - V") ^'^ ^ ^^^^^ 
We now introduce the new coordinates {U, V) defined (for r > 2M) by 

U = _e-«/4M^ y ^ ^v/4M (2.55) 
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in terms of which the metric is now 



-32M3 



where r(C/, V) is given imphcitly by UV = —e^*/^^ or 



UV = - 



r-2M 
2M 



„r/2M 



(2.56) 



(2.57) 



We now have the Schwarzschild metric in KS coordinates {U,V,6,(p). Ini- 
tially the metric is defined for U < and V > but it can be extended by 
analytic continuation to L'^ > and V < 0. Note that r = 2M corresponds 
to UV = 0, i.e. either U = or F = 0. The singularity at r = corresponds 
to UV = 1. 



It is convenient to plot lines of constant U and V (outgoing or ingoing 
radial null geodesies) at 45 , so the spacetime diagram now looks like 

singularity 
r = 



r <2M 




r>2M 



singularity 
r = 



There are four regions of Kruskal spacetime, depending on the signs of U and 
V. Regions I and II are also covered by the ingoing Eddington-Finkelstein 
coordinates. These are the only regions relevant to gravitational collapse 
because the other regions are then replaced by the star's interior, e.g. for 
collapse of homogeneous ball of pressure-free fluid: 
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Similarly, regions I and III are those relevant to a white hole. 
Singularities and Geodesic Completeness 

A singularity of the metric is a point at whieh the determinant of either it or 
its inverse vanishes. However, a singularity of the metric may be simply due 
to a failure of the coordinate system. A simple two-dimensional example is 
the origin in plane polar coordiates, and we have seen that the singularity 
of the Schwarzschild metric at the Schwarzschild radius is of this type. Such 
singularities are removable. If no coordinate system exists for which the 
singularity is removable then it is irremovable, i.e. a genuine singularity of 
the spacetime. Any singularity for which some scalar constructed from the 
curvature tensor blows up as it is approached is irremovable. Such singu- 
larities are called 'curvature singularities'. The singularity at r = in the 
Schwarzschild metric is an example. Not all irremovable singularities are 
'curvature singularities', however. Consider the singularity at the tip of a 
cone formed by rolling up a sheet of paper. All curvature invariants remain 
finite as the singularity is approached; in fact, in this two-dimensional exam- 
ple the curvature tensor is everywhere zero. If we could assign a curvature 
to the singular point at the tip of the cone it would have to be infinite but, 
strictly speaking, we cannot include this point as part of the manifold since 
there is no coordinate chart that covers it. 

We might try to make a virtue of this necessity: by excising the regions 
containing irremovable singularities we apparently no longer have to worry 
about them. However, this just leaves us with the essentially equivalent 
problem of what to do with curves that reach the boundary of the excised 
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region. There is no problem if this boundary is at infinity, i.e. at infinite 
affine parameter along all curves that reach it from some specified point in 
the interior, but otherwise the inability to continue all curves to all values of 
their affine parameters may be taken as the defining feature of a 'spacetime 
singularity'. Note that the concept of affine parameter is not restricted to 
geodesies, e.g. the affine parameter on a timelike curves is the proper time 
on the curve regardless of whether the curve is a geodesic. This is just as 
well, since there is no good physical reason why we should consider only 
geodesies. Nevertheless, it is virtually always true that the existence of a 
singularity as just defined can be detected by the incompleteness of some 
geodesic, i.e. there is some geodesic that cannot be continued to all values 
of its affine parameter. For this reason, and because it is simpler, we shall 
follow the common practice of defining a spacetime singularity in terms of 
'geodesic incompleteness'. Thus, a spacetime is non-singular if and only if 
all geodesies can be extended to all values of their affine parameters, changing 
coordinates if necessary. 

In the case of the Schwarzschild vacuum solution, a particle on an in- 
going radial geodesies will reach the coordinate singularity at r = 2M at 
finite affine parameter but, as we have seen, this geodesic can be continued 
into region II by an appropriate change of coordinates. Its continuation 
will then approach the curvature singularity at r = 0, coming arbitrar- 
ily close for finite affine parameter. The excision of any region containing 
r = will therefore lead to a incompleteness of the geodesic. The vacuum 
Schwarzschild solution is therefore singular. The singularity theorems of 
Penrose and Hawking show that geodesic incompleteness is a generic fea- 
ture of gravitational collapse, and not just a special feature of spherically 
symmetric collapse. 

Maximal Analytic Extensions 

Whenever we encounter a singularity at finite affine parameter along some 
geodesic (timelike, null, or spacelike) our first task is to identify it as re- 
movable or irremovable. In the former case we can continue through it by 
a change of coordinates. By considering all geodesies we can construct in 
this way the maximal analytic extension of a given spacetime in which any 
geodesic that does not terminate on an irremovable singularity can be ex- 
tended to arbitrary values of its affine parameter. The Kruskal manifold is 
the maximal analytic extension of the Schwarzschild solution, so no more 
regions can be found by analytic continuation. 
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2.3.3 Eternal Black Holes 

A black hole formed by gravitational collapse is not time-symmetric because 
it will continue to exist into the indefinite future but did not always exist in 
the past, and vice-versa for white holes. However, one can imagine a time- 
symmetric eternal black hole that has always existed (it could equally well 
be called an eternal white hole, but isn't). In this case there is no matter 
covering up part of the Kruskal spacetime and all four regions are relevant. 
In region I 

I = e-*/2^ (2.58) 

so hypersurfaces of constant Schwarzschild time t are straight lines through 
the origin in the Kruskal spacetime. 




These hypersurfaces have a part in region I and a part in region IV. Note 
that {U,V) {—U,—V) is an isometry of the metric so that region IV is 
isometric to region I. 

To understand the geometry of these t = constant hypersurfaces it 
is convenient to rewrite the Schwarzschild metric in isotropic coordinates 
{t, p, 6, (p), where p is the new radial coordinate 




(2.59) 
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Then (Exercise) 



1 _ M \ 2 
^ 2p 



1 + 



M_ 
2p, 



fiat 3-space metric 



(2.60) 



In isotropic coordinates, the t = constant hypersurfaces are conformally flat, 
but to each value of r there corresponds two values of p 



2M 




The two values of p are exchanged by the isometry, p — > M'^/Ap which has 
p = M/2 as its fixed 'point', actually a fixed 2-sphere of radius 2M. This 
isometry corresponds to the {U,V) — ^ {—U,—V) isometry of the Kruskal 
spacctimc. The isotropic coordinates cover only regions I and IV since p is 
complex for r < 2M. 

,• p = M/2 



t = constant 



p oo 
flat space 




p ^ oo 
flat space 



p = M/2 

As /9 — M/2 from either side the radius of a 2-sphere of constant p on a 
t = constant hypersurface decreases to minimum of 2M at p = M/2, so 
p = M/2 is a minimal 2-sphere. It is the midpoint of an Einstein-Rosen 
bridge connecting spatial sections of regions I and IV. 
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p = 00 




Minimum 2-sphere 

at radius 2M, p = M/2 

Einstein-Rosen bridge 
('throat') 



2.3.4 Time translation in the Kruskal Manifold 

The time translation t ^ t + c, which is an isometry of the Schwarzschild 
metric becomes 

U ^ e-'^/^^U, V ^ e^/^^V (2.61) 

in Kruskal coordinates and extends to an isometry of the entire Kruskal 
manifold. The infinitesimal version 

SU = --I-C/, SV = -^V (2.62) 
AM AM ^ ^ 

is generated by the Killing vector field 

which equals d/dt in region I. It has the following properties 

{timclikc in I & IV 
spacelike in II k III 
null on r = 2M, i.e. {U = 0} U {V = 0} 

(ii) {U = 0} and {V = 0} are fixed sets on k. 

On < 1^ m ^ o'/o^ 1 where v, u are EF null coordinates. 



{y = 0} k = d/du 

1 V is the natural group parameter on {[/ = 0}. Orbits of k correspond 
to — oo < < oo, (where v is well-defined). 
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2.3.5 Null Hypersurfaces 

Let S{x) be a smooth function of the spacetime coordinates and consider 
a family of hypersurfaces S = constant. The vector fields normal to the 
hypersurface are 

I = fix) [g^^d^S) ^ (2.64) 

where / is an arbitrary non-zero function. If = for a particular hyper- 
surface, AA, in the family, then M is said to be a null hypersurface. 



Example Schwarzschild in ingoing Eddington-Finkelstein coordinates (r, v, 0, 
and the surface S = r — 2M. 



I 



^_2M\as;^ dS_d_ dS_d_ 
r J dr dr dr dv dv dr 



^ 2M\ d d 
r J dr dv 



while 



(2.65) 
(2.66) 

(2.67) 
(2.68) 
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so r = 2M is a null hypersurface, and 

l\r=2M = /|; (2-69) 
Properties of Null Hypersurfaces 

Let Af he a null hypersurface with normal I. A vector t, tangent to Af, is 
one for which t ■ I = 0. But, since J\f is null, I ■ I = 0, so I is itself a tangent 
vector, i.e. 

for some null curve x^{X) in J\f. 
Proposition The curves x^^{X) are geodesies. 

Proof Let Af be the member S = of the family of (not necessarily null) 
hypersurfaces S = constant. Then l'^ = fg^^^d^S and hence 

l-Dl^" = (^lPdj)g^''d,S + fg^''FD,d,S (2.71) 
= • 9 In /) l" + fg^^FD^dpS (by symmetry of T) (2.72) 

= (^^\nfy^ + lPfD^^[f-%) (2.73) 
= In l^" + lPD^'lp - (di^ In /) (2.74) 

Although ^^1^ = it doesn't follow that = unless the whole family 

of hypersurfaces S = constant is null. However since P is constant on J\f, 
f^d^P = for any vector t tangent to J\f. Thus 

d^P\^^l^ (2.76) 

and therefore 

I ■ Dl^l^ oc (2.77) 

i.e. x^(A) is a geodesic (with tangent I). The function / can be chosen such 
that I ■ Dl = 0, i.e. so that A is an affine parameter. 



28 



Definition The null geodesies x'^{X) with affine parameter A, for which 
the tangent vectors dx'^/dX are normal to a null hypersurface M, are the 
generators of N- 



Example M \sU = Q hypersurface of Kruskal spacetime. Normal toU = 
constant is 

= "ihdV sincer = 2MonAr (2.79) 

Note that = 0, so P and /^'^ both vanish on TV; this is because U = 
constant is null for any constant, not just zero, thus ^ • = if / is 
constant. Choose / = -16M^e~^ Then 

I = ^ (2.80) 

is normal to i7 = and V is an affine parameter for the generator of this 
null hypersurface. 

2.3.6 Killing Horizons 

Definition A null hypersurface is a Killing horizon of a Killing vector 
field ^ if, on Af, C is normal to J\f. 

Let I be normal to M such that I ■ Dl'^ = (affine parameterization). 
Then, since, on Af, 

e = fi (2.81) 

for some function /, it follows that 



^•L>^^ = K^'^, onAA (2.82) 



where k = ^ • (?ln |/| is called the surface gravity. 
Formula for surface gravity 

Since ^ is normal to J\f, Frobenius ' theorem implies that 



(2.83) 
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where '[ ]' indicates total anti-symmetry in the enclosed indices, ^,v^p. 
For a Killing vector field ^, D^^^ = symmetric part of D^j^^y 

vanishes). In this case ( 2.83| ) can be written as 



Multiply by D^'i'' to get 
or 



(2.84) 

(since = D[^^^1)(2.85) 



= -2Ki-Dip\j^ 
Hence, except at points for which ^ = 0, 



(2.86) 

(for Killing horizon(]B.87) 
(2.88) 



1 



(2.89) 



It will tm^n out that all points at which ^ = are limit points of orbits of ^ 
for which ^ 7^ 0, so continuity implies that this formula is valid even when 
^ = (Note that ^ = 07^ Dp^^^ = 0). 



Killing Vector Lemma For a Killing vector field ^ 



DpDpe = R\paC 



where R'^,,„„ is the Riemann tensor. 
Proof: Exercise (Question II. 1) 



(2.90) 



Proposition n is constant on orbits of ^. 



Proof Let t be tangent to M. Then, since ( ^.89 ) is valid everywhere on M 

t-dn^ = - {D^'nt'DpDpi,\j^ (2.91) 
= -{D''£,'')tPR^^/S,a (using Lemma) (2.92) 
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Now, ^ is tangent to M (in addition to being normal to it) . Choosing t = ^ 
we have 

i-di^ = - {Di^n R^^p^ee (2.93) 

= (since Rt^i^p^r = -Rvfiap) (2.94) 

so K is constant on orbits of ^. 
Non-degenerate Killing horizons {k ^ 0) 

Suppose K 7^ on one orbit of ^ in M. Then this orbit coincides with only 
part of a null generator of M. To see this, choose coordinates on M such 
that 

d 

^ = — (except at points where C = 0) (2.95) 

i.e. such that the group parameter a is one of the coordinates. Then if 
a = a (A) on an orbit of ^ with an affine parameter A 



/ = — 
da 

_ d _ dx^(A) ^ 
' " dA" d\ 



(2.96) 



Now 

^ In 1/1 = AC (2.97) 

where k is constant for orbit on A^. For such orbits, / = foe'^'^ for arbitrary 
constant /q. Because of freedom to shift a by a constant we can choose 
/o = ±K without loss of generality, i.e. 

^ = iKe'^'* ^ A = ie'^" + constant (2.98) 
da 

Choose constant = 

(2.99) 



A = ±e'^ 



As a ranges from — oo to oo we cover the A > or the A < portion of 
the generator of M (geodesic in J\f with normal I). The bifurcation point 
A = is a fixed point of ^, which can be shown to be a 2-sphere, called the 
bifurcation 2-sphere, (BK-axis for Kruskal). 
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Bifurcation 
2-sphere, B 




This is called a bifurcate Killing horizon. 

Proposition If A/' is a bifurcate Killing horizon of ^, with bifurcation 2- 
sphere, B, then is constant on J\f. 

Proof is constant on each orbit of ^. The value of this constant is the 
value of K? at the limit point of the orbit on i?, so is constant on M if it 
is constant on B. But we saw previously that 

t-di^^ = -iD'^nt"Kf.p''^J^ (2.100) 

= on B since ^^1^ = (2.101) 
Since t can be any tangent to B, k.^ is constant on B, and hence on M. 



Example is {U = 0} U {V = 0} of Kruskal spacetime, and ^ = k, the 
time-translation Killing vector field. 
On Af, 



k= < 



where 



/= <^ 



^V^ on {U = 0} 



—V on {C/ = 0} 
4M ^ ^ 



) = n 



(2.102) 



I -TTjU on {y = o} 



•(2.103) 
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Since / is normal to J\f , M is a Killing horizon of k. Since I • Dl = 0, the 
surface gravity is 



K = k ■ dln\f\ 



1 d 

V—ln\V\ 

4M dV ' ' 



on U = 



(2.104) 



1 

AM 
1 

~4M 



on {U = 0} 



on {V = 0} 



(2.105) 



So = 1/(4M)^ is indeed a constant on M. Note that orbits of k he either 
entirely in {U = 0} or in {V = 0} or are fixed points on B, which allows a 
difference of sign in k on the two branches of M. 

^3 

[N.B. Reinstating factors of c and G, \k,\ 



4GM' 



Normalization of k 

If is a Killing horizon of ^ with surface gravity k, then it is also a Killing 
horizon of with surface gravity c^k [from formula ( 2.89| ) for k] for any 
constant c. Thus surface gravity is not a property of M alone, it also depends 
on the normalization of ^. 

There is no natural normalization of ^ on since 

^2 = there, but m 

an asymptotically flat spacetime there is a natural normalization at spatial 
infinity, e.g. for the time-translation Killing vector field k we choose 

.2 , 1 _ „ , (2.106) 



k' 



-1 



as 



oo 



This fixes k, and hence k, up to a sign, and the sign of k is fixed by requiring 
k to be future-directed. 

Degenerate Killing Horizon (k = 0) 

In this case, the group parameter on the horizon is also an affine parameter, 
so there is no bifurcation 2-sphere. More on this case later. 



2.3.7 Rindler spacetime 

Return to Schwarzschild solution 
2M 
r 



1 



dt^+ll 



2M 

r 



dr^ + r^dn^ 



(2.107) 
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and let 



X2 



r-2M = — (2.108) 
8M ^ ^ 



2M (nxf / _ M 



Then 

f« (kx)2 near x = (2.110) 

dr'^ = {nxfdx^ (2.111) 

so for r ^ 2M we have 

ds^ -Uxfdt^ + dx'^ + -^dfJ^ (2.112) 

A. .9. 

2-dim Rindler 
spacetime 




2-sphere of 
radius 1/(2k) 



SO we can expect to learn something about the spacetime near the Killing 
horizon at r = 2M by studying the 2-dimensional Rindler spacetime 

ds^ = -{nxfdf + dx^ {x > 0) (2.113) 

This metric is singular at a; = 0, but this is just a coordinate singularity. To 
see this, introduce the Kruskal-type coordinates 

U' = -xe-''^ V = xe"* (2.114) 
in terms of which the Rindler metric becomes 

ds^ = -dU'dV' (2.115) 
Now set 

U' = T-X, V' = T + X (2.116) 

to get 

ds'^ = -dT^ + dX^ (2.117) 

i.e. the Rindler spacefJme is just 2-dim Minkowski in unusual coordinates. 
Moreover, the Rindler coordinates with x > cover only the U' < 0, V > 
region of 2d Minkowski 
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From what we know about the surface r = 2M of Schwarzschild it follows 
that the lines U' = 0, V = 0, i.e. x = of Rindler is a Killing horizon of 
k = d/dt with surface gravity ±k. 

Exercise 

(i) Show that U' = and V = are null curves. 

(ii) Show that 

and that k\^,^Q is normal to U' = 0. (So {W = 0} is a Killing horizon). 

(iii) {k ■ DA;)^|^,^o = Kk^'\u,=o (2.119) 

Note that k"^ = —(kx)'^ — oo as x — ^ oo, so there is no natural nor- 
malization of k for Rindler. 

i.e. In contrast to Schwarzschild only the fact that k 7^ is a property 
of the Killing horizon itself - the actual value of k depends on an arbitrary 
normalization of /c — so what is the meaning of the value of k7 

Acceleration Horizons 

Proposition The proper acceleration of a particle at a; = in Rindler 
spacetime (i.e. on an orbit of k) is constant and equal to a. 
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Proof A particle on a timelike orbit X^^{t) of a Killing vector field $, has 
4- velocity 



M _ 



Its proper 4-acceleration is 



(since tt oc ^ and u ■ u = —1) 



2^2 



But 4 • = 2^t'^''D^C<y = for Killing vector field, so 

and 'proper acceleration' is magnitude \a\ of a'^. 
For Rindler with ^ = A; we have (Exercise) 



(2.120) 

(2.121) 
(2.122) 

(2.123) 



Id Id 
+ 



U'dV V'dU' 



so 



\a\ = (a^a^gf,^) 
1 

X 



1/2 



U'V 



1/2 



(2.124) 

(2.125) 
(2.126) 



so for X = (constant) we have \a\ = a, i.e. orbits of k in Rindler are 
worldlines of constant proper acceleration. The acceleration increases with- 
out bound as X — > 0, so the Killing horizon at x = is called an acceleration 
horizon. 




worldlines of x = constant 
orbits of k = d/dt 
in Rindler spacetime 
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Although the proper acceleration of an a; = constant worldhne diverges as 
X — ^ its acceleration as measured by another x = constant observer will 
remain finite. Since 

dr^ = {Kxfdt^ (for x = a'^, constant) (2.127) 

the acceleration as measured by an observer whose proper time is t is 

which has a finite limit, k, as x — ^ 0. 

In Rindler spacetime such an observer is one with constant proper accel- 
eration K, but these observers are in no way 'special' because the normal- 
ization of t was arbitrary. 

t^ \t X-^K, (A G M) (2.129) 

For Schwarzschild, however, 

dr' = dt^ I ^ = constant ^ oo 

1^ 6', constant 

i.e. an observer whose proper time is t is one at spatial oo. Thus 



surface gravity is the acceleration of a static particle near the horizon as measured at spatial 
infinity 



This explains the term 'surface gravity' for k. 

2.3.8 Surface Gravity and Hawking Temperature 

We can study the behaviour of QFT in a black hole spacetime using Eu- 
clidean path integrals. In Minkowski spacetime this involves setting 

t = iT (2.131) 

and continuing r from imaginary to real values. Thus r is 'imaginary time' 
here ( not proper time on some worldline). 

In the black hole spacetime this leads to a continuation of the Schwarzschild 
metric to the Euclidean Schwarzschild metric. 

dsl = (l - ^) dr^ + + (2.132) 
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This is singular at r = 2M. To examine the region near r = 2M we set 



2M=— (2.133) 
8M ^ ' 



to get 



dsl « (KxfdT^ + dx^ +-;^dn'^ (2.134) 
— ' 4«;2 

Euclidean Rindlcr 

Not surprisingly, the metric near r = 2M is the product of the metric on 
and the Euclidean Rindler spacetime 

dsl = dx'^ + x'^diKT)'^ (2.135) 

This is just in plane polar coordinates if we make the periodic identifica- 
tion 

r~r+— (2.136) 

K 

i.e. the singularity of Euclidean Schwarzschild at r = 2M (and of Euclidean 
Rindler at a; = 0) is just a coordinate singularity provided that imaginary 
time coordinate r is periodic with period 2tt/k. This means that the Eu- 
clidean functional integral must be taken over fields ^>(x, r) that are periodic 
in r with period 27r/K [Why this is so is not self-evident, which is presum- 
ably why the Hawking temperature was not first found this way. Closer 
analysis shows that the non-singularity of the Euclidean metric is required 
for equilibrium]. 

Now, the Euclidean functional integral is 

[p$]e-^E[*] (2.137) 
where 

Se = J dt {-ipq + H) (2.138) 

is the Euclidean action. If the functional integral is taken over fields $ that 
are periodic in imaginary time with period hp then it can be written as (see 
QFT course) 

Z = tTe-'^^, (2.139) 

which is the partition function for a quantum mechanical system with Hamil- 
tonian H at temperature T given by /3 = {ksT)'^ where ks is Boltzman's 
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constant. 



But we just saw that hp = Itt/k for Schwarzschild, so we deduce that a 
QFT can be in equihbrium with a black hole only at the Hawking tempera- 
ture 

i.e. in units for which ^ = 1, A;^ = 1 

(2.141) 



N.B. 

(i) At any other temperature, Euclidean Schwarzschild has a conical sin- 
gularity — ^ no equilibrium. 

(ii) Equilibrium at Hawking temperature is unstable since if the black hole 
absorbs radiation its mass increases and its temperature decreases, i.e. 
the black hole has negative specific heat. 

2.3.9 Tolman Law - Unruh Temperature 

Tolman Law The local temperature T of a static self-gravitating system 
in thermal equilibrium satisfies 

{-k^f''^T = TQ (2.142) 

where Tq is constant and k is the timelike Killing vector field d/dt. If 

(/c^) ^ — 1 asymptotically we can identify Tq as the temperature 'as seen 
from infinity'. For a Schwarzschild black hole we have 

To = Th = ^ (2.143) 

Near r = 2M we have, in Rindler coordinates, 

{kx)T = ^ (2.144) 

so 

T=^^ (2.145) 
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is the temperature measured by a static observer (on orbit of k) near the 
horizon. But x = a~^, constant, for such an observer, where a is proper 
acceleration. So 




(2.146) 



is the local (Unruh) temperature. It is a general feature of quantum me- 
chanics (Unruh effect) that an observer accelerating in Minkowski spacetime 
appears to be in a heat bath at the Unruh temperature. 

In Rindler spacetime the Tolman law states that 



Since T = x~^/{2'k) for x = constant, we deduce that Tq = k/{2'k), as in 
Schwarzschild, but this is now just the temperature of the observer with 
constant acceleration k, who is of no particular significance. Note that in 
Rindler spacetime 



so the Hawking temperature (i.e. temperature as measured at spatial oo) is 
actually zero. 

This is expected because Rindler is just Minkowski in unusual coordi- 
nates, there is nothing inside which could radiate. But for a black hole 



^ the black hole must be radiating at this temperature. We shall confirm 
this later. 

2.4 Carter-Penrose Diagrams 
2.4.1 Conformal Compact ificat ion 

A black hole is a "region of spacetime from which no signal can escape to 

infinity" (Penrose). This is unsatisfactory because 'infinity' is not part of 
the spacetime. However the 'definition' concerns the causal structure of 
spacetime which is unchanged by conformal compactification 



{kx)T = To 



(2.147) 



T = > as X —>■ oo 

2lT 



(2.148) 



^locai Th at infinity 



(2.149) 



ds'^ ds^ = A^{f, t)ds\ A / 



(2.150) 



40 



We can choose A in such a way that all points at oo in the original metric 
are at finite affine parameter in the new metric. For this to happen we must 
choose A s.t. 

A(r, t)— >-0 as |r| — oo and/or |t| oo (2.151) 

In this case 'infinity' can be identified as those points (f, t) for which A(r, t) = 
0. These points are not part of the original spacetime but they can be added 
to it to yield a conformal compactification of the spacetime. 



Example 1 

Minkowski space 

Let 



u = t — r 
V = t + r 



ds' 



-dudv + 



Now set 



u = tan U 
V = tan V 



-7r/2 <U <7t/2 1 with V>U 
-tt/2 <V < 7r/2 J since r > 



In these coordinates, 

ds^ = (2 cos U cos 



-MUdV + sin' 



{v-O) 



dQ' 



To approach 00 in this metric we must take 
choosing 



U 



tt/2 or 



V 



(2.152) 
(2.153) 

(2.154) 

(2.155) 
7r/2, so by 



A = 2cosC/cosF (2.156) 
we bring these points to finite affine parameter in the new metric 

ds^ = Ads'^ = -AdUdV + sin^ [v - d^^ (2.157) 
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We can now add the 'points at infinity'. Taking tlie restriction V >U into 
account, these are 



U 
V 



-tt/2 
tt/2 



U = ±7r/2 

V = ±7r/2 

if = -7r/2 

\V\ + 7r/2 



\U\ + 7r/2 
V = 7r/2 



4^ 



4^ 



4^ 



u 

V 



u 

V 



— oo 
oo 

zboo 
iboo 



u — — oo 
V finite 



u finite 

-y — ^ oo 



4^ 



4^ 



4^ 



r — ^ oo 
t finite 



oo, IQ 



t — > zboo 1 past and future 
r finite J temporal oo, i± 



past null oo 




future null oo 



Minkowski spacetime is conformally embedded in the new spacetime with 
metric ds'^ with boundary at A = 0. 



Introducing the new time and space coordinates r, x by 

T = V + U, x = v-u 
we have 



ds^ = Ms^ = -dr'^ + dx^ + sin^ xd^^ 
A = cos r + cos X 



(2.158) 



(2.159) 



X is an angular variable which must be identified modulo 2tt, x ~ x + 27r. 
If no other restriction is placed on the ranges of r and X: then this metric 
ds^ is that of the Einstein Static Universe, of topology M (time) x (space). 

The 2-spheres of constant x 7^ 0, tt have radius |sin x| (the points x = 0, tt 
are the poles of a 3-sphere) . If we represent each 2-sphere of constant x as 
a point the E.S.U. can be drawn as a cylinder. 
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X 



But compactified Minkowski spacetime is conformal to the triangular region 
-7r<r<7r, 0<x<7r (2.160) 



TT 



— TT 




X + T = n 4^ 
V = 7r/2, 



TT 



X - T = TT 

U = -7r/2, 



Flatten the cylinder to get the Carter-Penrose diagram of Minkowski space- 
time. 
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timelike geodesic 




Each point represents a 2-sphere, except points on r = and io,i±. Light 
rays travel at 45 from through r = and then out to 9"*". are nuh 
hypersurfaces] . 

Spatial sections of the compactified spacetime are topologically be- 
cause of the addition of the point iQ. Thus, they are not only compact, but 
also have no boundary. This is not true of the whole spacetime. Asymp- 
totically it is possible to identify points on the boundary of compactified 
spacetime to obtain a compact manifold without boundary (the group U(2); 
see Question 1.6). More generally, this is not possible because i± are singular 
points that cannot be added (see Example 3: Kruskal). 

Example 2: Rindler Spacetime 

ds'^ = -dU' dV' 

Let 

U' = tanC7 1 -tt/2<U<tt/2 
V = t&nV j -7r/2<y<7r/2 



(2.161) 



(2.162) 
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-2 



Then 

ds'^ = - (cos U cos vj ~dU dV (2. 163) 

= A-^ds^ (a = cost/ cos (2.164) 

i.e. conformally compactified spacetime with metric ds'^ = —dUdV is same 
as before but with the above finite ranges for coordinates U, V. 



The points at infinity are those for which A = 0, 



U 



7r/2, 



V 



7r/2. 



orbit of 
K = d/dT 



X = 




^o R 



Region covered by 
Rindler coordinates 



orbit oi k = d/dt 
(Rindler time coordinate) 



Similar to 4-dim Minkowski, but iq is now two points. 



Example 3: Kruskal Spacetime 

9 / 2M\ n n 



ds = — ( 1 j dudv + r dil in region I (2.165) 



Let 

f tt = tani7 -7r/2 < i/ < 7r/2 
\ = tan -7r/2 <V <Tr/2 



(2.166) 
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Then 

ds^ = {2 cos U cos V 
Using the fact that 
. 1 



-4 1 



dUdV + cos^ U cos^ Vdn^^ 



(2.167) 



-iv-u) 



sin y - [/ 



2 cos U cos V 



we have 



ds^ = k^ds^ = -4 1- 



2M\ 



(2.168) 



sin^ [V -U] dn'^{2.im) 



dUdV+ 

r J 

Kruskal is an example of an asymptotically flat spacetime. It approaches 
the metric of compactified Minkowski spacetime as r — > 00 (with or without 
fixing t) so io, and $5=*= can be added as before. Near r = 2M we can 
introduce KS-type coordinates to pass through the horizon. In this way one 
can deduce that the CP diagram for the Kruskal spacetime is 




Note 
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(i) All r = constant hypersurfaces meet at i+ including the r = hyper- 
surface, which is singular, so is a singular point. Similarly for 

so these points cannot be added. 

(ii) We can adjust A so that r = is represented by a straight line. 

In the case of a collapsing star, only that part of the CP diagram of 
Kruskal that is exterior to the star is relevant. The details of the interior re- 
gion depend on the physics of the star. For pressure- free, spherical collapse, 
all parts of the star not initially at r = reach the singularity at r = 
simultaneously, so the CP diagram is 

"■ singularity at r = 




i- 



2.5 Asymptopia 

A spacetime {M,g) is asymptotically simple if 3 a manifold {M,g) with 
boundary dM = M and a continuous embedding /(M) : M ^ M s.t. 

(i) /(M) = M-dM 

(ii) 3 a smooth function A on M with A > on f{M) and g = h? f\g). 

(iii) A = but dA 7^ on dM. 

(iv) Every null geodesic in M acquires 2 endpoints on dM. 
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Example M = Minkowski, M = compactified Minkowski. 

Condition (iv) excludes black hole spacetime. This motivates the fol- 
lowing definition: 

A weakly asymptotically simple spacetime (M, g) is one for which 3 an 
open setJJ C M that is isometric to an open neighborhood of dM, 
where M is the 'conformal compactification' of some asymptotically 
simple manifold. 

Example M = Kruskal, M its conformal 'compactification'. 
Note 

(i) M is not actually compact because dM excludes i±. 

(ii) M is not asymptotically simple because geodesies that enter r < 
2M cannot end on S"*". 



Asymptotic flatness 

An asymptotically flat spacetime is one that is both weakly asymptot- 
ically simple and is asymptotically empty in the sense that 

(v) R^i, = in an open neighborhood of dM in M. 

This excludes, for example, anti-de Sitter space. It also excludes space- 
times with long range electromagnetic fields that we don't wish to exclude 
so condition (v) requires modification to deal with electromagnetic fields. 

Asymptotically flat spacetimes have the same type of structure for $5=*= 
and io as Minkowski spacetime. 
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In particular they admit vectors that are asymptotic to the Kilhng vectors 
of Minkowski spacetime near zq, which allows a definition of total mass, mo- 
mentum and angular momentum on spacelike hypersurfaces. The asymptotic 
symmetries on $5^ are much more complicated (the 'BMS' group, which will 
not be discussed in this course). 

2.6 The Event Horizon 

Assume spacetime M is weakly asymptotically flat. Deflne 



to be the topological closure of J , i.e. including limit points. Define the 
boundary of J to be 



J-{U) 



to be the causal past of a set of points U C M and 



J-{U) 



J-{U) = J (U)- J-{U) 



(2.170) 



The future event horizon of M is 



7i+ = J- 



(2.171) 



i.e. the boundary of the closure of the causal past of^'^. 
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Example Spacetime of a spherically-symmetric collapsing star 



past endpoint of 
null geodesic 
generator of W"*" 




Properties of the Future Event Horizon, 7^+ 

(i) io and 9~ are contained in J~ (9"*"), so they are not part of H~^. 

(ii) 7^+ is a null hypersurface. 

(iii) No two points of 7^+ are timelike separated. For nearby points this 

follows from (ii) but is also true globally. Suppose that a and /? were 
two such points with a € J^{j3). The timclikc curve between them 
could then be deformed to a nearby timelike curve between a' and j3' 
with (3' e J- (9+) but a' ^ J' (9+) 




timelike curve? 



But a' £ J {(3) e J (3^^), so we have a contradiction. The timelike 
curve between a and /3 cannot exist. 
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(iv) The null geodesic generators of Ti^ may have past endpoints in the 
sense that the continuation of the geodesic further into the past is no 
longer in Ti.~^, e.g. at r = for a spherically symmetric star, as shown 
in diagram above. 

(v) If a generator of TC^ had a future endpoint, the future continuation of 
the null geodesic beyond a certain point would leave H~^. This cannot 
happen. 

Theorem (Penrose) The generators of have no future endpoints 



Proof Consider the causal past J {S) of some set S. 



J-{S) 

boundary of 
causal past of S 




any null 
hypersurface 



Consider a point p G J~{S), p ^ S,S. Endpoints of the null geodesic in 
J~{S) through p. Consider also an infinite sequence of timelike curves {71} 
from Pi G neighborhood of p and G J~{S) to S s.t. p is the limit point of 
{pi} on j-{S). 
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The points {qi} must have a Hmit point q on j~{S). Being the Hmit of 
timehke curves, the curve 7 from p to q cannot be spacehke, but can be null 
(lightlike). It cannot be timelike cither from property (iii) above, so it is a 
segment of the null geodesic generator of J\f through p. The argument can 
now be repeated with p replaced by q to find another segment from g to a 
point, r G A^, but further in the future. It must be a segment of the same 
generator because otherwise there exists a deformation to a timelike curve 
in M separating p and r. 




null 



Choosing S = , then gives Penrose's Theorem. 

Properties (iv) and (v) show that null geodesies may enter Tt^ hut can- 
not leave it. 

This result may appear inconsistent with time-reversibility, but is not. 
The time-reverse statement is that null geodesies may leave but cannot enter 

the past event horizon., TC~ . Ti.~ is defined as for TC~^ with J~ (S"*") replaced 
by J"'"(9~), i.e. the causal future of The time-symmetric Kruskal 

spacetime has both a future and a past event horizon. 




The location of the event horizon TC^ generally requires knowledge of the 
complete spacetime. Its location cannot be determined by observations over 
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a finite time interval. 

However if we wait until the black hole settles down to a stationary 
spacetime we can invoke: 

Theorem (Hawking) The event horizon of a stationary asymptotically fiat spacetime is a 
Killing horizon (but not necessarily of d/dt). 

This theorem is the essential input needed in the proof of the uniqueness 
theorems for stationary black holes, to be considered later. 

2.7 Black Holes vs. Naked Singularities 

The singularity at r = that occurs in spherically symmetric collapse is 
hidden in the sense that no signal from it can reach . This is not true of 
the Kruskal spacetime manifold since a signal from r = in the white hole 
region can reach 




This singularity is naked. Another example of a naked singularity is the 
M < Schwarzschild solution 



ds^ = - 1 + 




(2.172) 



This solves Einstein's equations so we have no a priori reason to exclude it. 
The CP diagram is 
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At late times the spacetime is Af < Schwarzschild but at earlier times it 
is non-singular. Under these circumstances it can be shown that M > for 
physically reasonable matter (the 'positive energy' theorem) so the possibil- 
ity illustrated by the above CP diagram (formation of a naked singularity 
in spherically- symmetric collapse) cannot occur. There remains the possi- 
bility that naked singularities could form in non-spherical collapse. If this 



54 



were to happen the future would eventually cease to be predictable from 
data given on an initial spacelike hypersurface (E in CP diagram above). 
There is considerable evidence that this possibility cannot be realized for 
physically reasonable matter, which led Penrose to suggest the: 

Cosmic Censorship Conjecture 'Naked singularities cannot form from 
gravitational collapse in an asymptotically flat spacetime that is non-singular 
on some initial spacelike hypersurface (Cauchy surface).' 

Notes 

(i) Certain types of 'trivial' naked singularities must be excluded. 

(ii) Initial, cosmological, singularities are excluded. 

(iii) There is no proof. This is the major unsolved problem in classical 
G.R. 
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Chapter 3 

Charged Black Holes 



3.1 Reissner-Nordstrom 

Consider the Einstein-Maxwell action 

s = -^j d^xV^lR-F.^rn, {R = R,.n (3.1) 

The unusual normalization of the Maxwell term means that the magnitude 
of the Coulomb force between point charges Qi,(52 at separation r (large) 
in fiat space is 

G IQ1Q2I ('geometrized' units of charge) (3-2) 
The source-free Einstein-Maxwell equations are 

G^,u = 2 (^Ff^xF/ - ^g^.Fp^FP'^^ (3.3) 

D^F^''' = (3.4) 

They have the spherically-symmetric Reissner-Nordstrom (RN) solution (which 
generalizes Schwarzschild) 

ds^ = -(i-'^ + 9l\dt^ + _ + (3.5) 



1 



r r-' J 



A = —dt (Maxwell 1-form potential F = dA) (3.6) 
r 

The parameter Q is clearly the electric charge. 
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The RN metric can be written as 



is^ = - 

where 



ds^ = — ^dt"^ + — dr^ + r'^dn'^ (3.7) 
A 



A = - 2Mr + = _ _ (3_g) 

where r± are not necessarily real 

r± = M± - Q2 (3 9) 

There are therefore 3 cases to consider: 

i) M<\Q\ 

A has no real roots so there is no horizon and the singularity at r = 
is naked. 

This case is similar to M < Schwarzschild. According to the cos- 
mic censorship hypothesis this case could not occur in gravitational 
collapse. As confirmation, consider a shell of matter of charge Q and 
radius R in Newtonian gravity but incorporating 

a) Equivalence of inertial mass M with total energy, from special rel- 
ativity. 

b) Equivalence of inertial and gravitational mass from general relativ- 
ity. 

= Mo^ + ^ - ^ (3.10) 

total energy rest mass energy ^ , J , . /. 

Coulomb energy grav. bmdmg energy 

(M=total mass) 

This is a quadratic equation for M. The solution with M — Mq as 
— oo is 

M{R) = \{R^ + AGMoR + AG^Q^y^^ - r] (3.11) 

The shell will only undergo gravitational collapse iff M decreases with 
decreasing R (so allowing K.E. to increase). Now 

, G(M^-Q^) , , 
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so collapse occurs only if M > \Q\ as expected. 



Now consider M{R) as R ^ Q. 

M — > \Q\ independent of Mq (3.13) 

So GR resolves the infinite self-energy problem of point particles in 
classical EM. A point particle becomes an extreme (M = |Q|) RN 
black hole (case (iii) below). 



Remark The electron has M <C (at least when probed at dis- 
tances S> GM/(?) because the gravitational attraction is negligible 

compared to the Coulomb repulsion. But the electron is intrinsically 
quantum mechanical, since its Compton wavelength 3> Schwarzschild 
radius. Clearly the applicability of GR requires 

Compton wavelength h/Mc he 

Schwarzschild radius " MG/c"^ ^ M'^G ^ ^' ^ 

i.e. 

^hcV/'^ 

M » ( — j =Mp (Planck mass) (3.15) 

This is satisfied by any macroscopic object but not by elementary 
particles. 

More generally the domains of applicability of classical physics QFT 
and GR are illustrated in the following diagram. 
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A vanishes at r = and r = r- real, so metric is singular there, 
but these are coordinate singularities. To see this we proceed as for 
r = 2M in Schwarzschild. Define r* by 



dr* = -rdr 
A 



r + 



dr 



f-, 2M , Q' 



2k4 



In 



|r — r-|_| 



+ 



2k- 



In 



\r — r_ 



(3.16) 



where 



K± 



2rl 



(3.18) 
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We then introduce the radial nuU coordinates u, v as before 

v = t + r*, u = t-r* (3.19) 

The RN metric in ingoing Eddington-Finkelstein coordinates {v,r,9,(f>) 
is 

ds"^ = -^dv'^ + 2dv dr + r'^dn'^ (3.20) 

which is non-singular everywhere except at r = 0. Hence the A = 

singularities of RN were coordinate singularities. The hypersurfaces of 
constant r are null when g"^"^ = A/r^ = 0, i.e. when A = 0, so r = r± 
are null hypersurfaces, Af±. 



Proposition The null hypersurfaces A/± of RN are Killing horizons of the Killing vector 
field k = d/dv (the extension of d/dt in RN coordinates) with surface gravities k±. 



Proof The normals to Af± are 

t=/.(9-|+."^ 

(note g"' = on J\f± and g^^ 
which we can choose s.t. 
terized geodesic) so 

d 



= f± 



d_ 
dv 



(3.21) 



l±Dl^ 



1) for some arbitrary functions f± 
(tangent to an affinely parame- 







dv 



= f±l± 



(3.22) 



which shows that M± are Killing horizons of ^ (This is Killing because 
in EF coordinates the metric is ^-independent). We can interpret the 
LHS of this equation as a derivative w.r.t the group parameter, and 
the RHS as a derivative w.r.t the affine parameter. Now 

1 



{k ■ Dk) 

{k ■ Dky 



r=r± 



1 



TV 

' 2 5 9vv,r 

vr 

' 2 9vv,r 



onJ\f± 
——A 

2^2 Qj. 



r=r± 



^ (r± - r^) on M± 

K± 



(3.23) 
(3.24) 

(3.25) 
(3.26) 
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k ■ Dk^ = K±k^' 



(3.27) 



Since k = d/dt in static coordinates we have A;^— lasr— ^oo. So 
we identify k± as the surface gravities of J\f± . 

Each of the Kilhng horizons A/± will have a bifurcation 2-sphere in the 
neighborhood of which we can introduce the KS-type coordinates 



(3.28) 



For the + sign we have 



-2K+r 



4 



r — T- 



dU^ dV^ + r'^d^^ (3.29) 



where r {U~^, V~^) is determined implicitly by 



r+ 



(3.30) 



This metric covers four regions of the maximal analytic extension of 
RN, 



singular 
in these 
coordinates 



U+ = V+ = 
bifurcation 

2-sphere 




r = constant 
hypersurfaces 



r > r+ 



These coordinates do not cover r < r_ because of the coordinate 
singularity at r = r_ (and U^V^ is complex for r < r_), but r = 
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r_ and a similar four regions are covered by the {U V ) KS-type 
coordinates to this case (Exercise). 




r = constant r_ < r < r+ 



Region II is the same as the region II covered by the (?7+, F+) coor- 
dinates. The other regions are new. Regions V and VI contain the 
curvature singularity at r = 0, which is timelike because the normal 
to r = constant is spacelike for A > 0, e.g. in r < r_. 

We know that region II of the diagram is connected to an exterior 

spacetime in the past (regions I, III, and IV), by time-reversal invari- 
ance, region III' must be connected to another exterior region (isomet- 
ric regions I', 11', and IV'). 
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Regions I' and IV' are new asymptotically flat 'exterior' spacetimes. 
Continuing in this manner we can find an infinite sequence of them. 



Internal Infinities 



Consider a path of constant r, 0, (j) in any region for which A < 0, e.g. 
region II. In ingoing EF coordinates 

ds'^ = -^dv^ (3.33) 
= ^—^dv^ since are considering A < by hypothe|&34) 

Since ds^ > the path is spacelike. The distance along it from v = 
to V = — oo (i.e. to = or V~ = 0) is 

rO 1^11/2 1^11/2 rO 

s = I — ■ — dv = - — ■ — / dv since r is constanl(3.35) 

J —oo ^ ^ J —oo 

= oo (3.36) 

So there is an 'internal' spatial infinity behind the r = r+ horizon. 
(Note that one can still reach = in finite proper time on a time- 
like path, so the null hypersurfaces = are part of the spacetime) . 



If all points at oo, external and internal, are brought to finite affinc 
parameter by a conformal transformation, one finds the following CP 
diagram, which can be infinitely extended in both directions: 
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3.2 Pressure-Free Collapse to RN 

Consider a spherical dust ball for which each particle of dust has 
charge/mass ratio 



where Q is the total charge and M is the total mass. The exterior 
metric is M > \Q\ RN. The trajectory of a particle at the surface is 
the same as that of a radially infalling particle of charge/mass ratio 7 
in the RN spacetime. This is not a geodesic because of the additional 
electrostatic repulsion. Prom the result of Question II. 4, we see that 
the trajectory of a point on the surface obeys 



7 = ^, |7|<1 



(3.37) 




(3.38) 



where 



(1 




(3.39) 




ro = 




M 



(3.40) 
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The collapse will therefore be halted by the electrostatic repulsion. 
All timelikc curves that enter r < must continue to r < r_, so 
the 'bounce' will occur in region V. The dust ball then enters region 
Iir, explodes as a white hole into region I' and then recollapses and 
re-expands indefinitely. 

This is illustrated by the following CP diagram 



r = 

non-sinuglar 
everywhere 



timelike 
escape path 
of criminal 



centre 
of dust 
ball at r ■ 




black hole horizon in I' at r = r+ 



„•/ white hole horizon in I' 

t 

at new branch of r = r+ 



curvature singularity at r = 



future even horizon 
at r = r+ 



Notes 



i) No singularity is visible from in agreement with cosmic cen- 
sorship. 
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ii) Although the dust ball never collapses to zero size and its inte- 
rior is completely non-singular, there is nevertheless a singularity 
behind H"*" on another branch of r = 0, in agreement with the 
singularity theorems. 

iii) It seems that a criminal could escape justice in universe I by 
escaping on a timelike path into universe I'. Is this science fiction? 

3.3 Cauchy Horizons 

A particle on an ingoing radial geodesic of RN (e.g. surface of col- 
lapsing star) will 'hit' the singularity at r = 0, but once in region V 
or VI it can accelerate away from the singularity then enter the new 
exterior region via the white hole region III'. However, there is no way 
to ensure in advance of entering the black hole (e.g. by programming 
of rockets) that it will do so because to get to region I' it must cross 
a Cauchy horizon, a concept that will now be elaborated. 

Definition A partial Cauchy surface , S, for a spacetime M is a 
hypersurface which no causal curve intersects more than once. 

Definition A causal curve is past-inextendable if it has no past end- 
point in M. 

Definition The future domain of dependence, D~^{T,) of S, is the 
set of points p G M for which every past-inextendable causal curve 
through p intersects S. 
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non-causal 
curve 




past-inextendable 



The significance of D^{T,) is that the behavior of solutions of hyper- 
bohc PDE's outside D~^{Ti) is not determined by initial data on E. 

The past domain of dependence, D~{'S) of S, is defined similarly and 
S is said to be a Cauchy surface for M if 

D+(E)UD-(E) = M (3.41) 

If M has a Cauchy surface it is said to be globally hyperbolic. Examples 
of globally hyperbolic spacetimes are 

1) Spherical, pressure-free collapse (Schwarzschild) 




Si and S2 are both Cauchy surfaces. 
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2) Kruskal 




Si and E2 are both Cauchy surfaces. 

If M is not globally hyperbolic then or Z)^(S) will have a 

boundary in M, called the future or past Cauchy horizon. 

Examples 

(i) Gravitationally-coUapsed charged dust ball. 




r — r- 



i 



(ii) Maximal analytic extension of RN 
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In example (i) a strange feature of the future Cauchy horizon is that 
the entire infinite history of the external spacetime in region I is in 
its causal past, i.e. visible, so signals from I must undergo an infi- 
nite blueshift as they approach the Cauchy horizon. For this reason, 
the Cauchy horizon usually becomes singular when subjected to any 
perturbation, no matter how small. For any physically realistic col- 
lapse, the Cauchy horizon is a singular null hypersurface for which 
new physics beyond GR is needed. 



3.4 Isotropic Coordinates for RN 



Let 



4p 



r = p + M + 



(3.42) 



Then 



, 2 Adt^ r2(p) 2 2 ir^2\ 



4p 



flat space metric 
2 



(3.43) 
(3.44) 
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is RN metric in isotropic coordinates {t,p,9,4>). As in Q = case, 
there are two values p for every value of r > r+, but p is complex for 
r < r+. 




This new metric covers two isometric regions (I&IV) exchanged by the 
geometry. 



M2--Q2 
4p 



(3.45) 



The fixed points set at p = ^ — Q^/2 (i.e. r = r+) is a minimal 
2-sphere of an ER bridge as in the Q = case. 




oo 



2 

minimal 2-sphere on 
t = constant hypersurface 
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The distance to the horizon at r = r+ along a curve of constant t, 6, i 
from r = R is 



R 



dr 



oo as r+ — r_ — 0, i.e. as M — \Q\ 



(3.46) 



(3.47) 



so the ER bridge separating regions I & IV becomes infinitely long in 
the limit as \Q\ M. In this limit, the spatial sections look like: 



oo as IQI — > M 



iii) M = \Q\ 'Extreme' RN (r± = M) 



1 1 dt^ + 

r 



dr'' 



+ r^dn'^ 



This is singular at r = M so define the Regge- Wheeler coordinate 



(3.48) 



r* = r + 2M In 



r- M 



M 



r- M 



dr* = 



dr 



1 - 



M 



(3.49) 



and introduce ingoing EE coordinates as before. Then 



ds^ = -\^l-yj dv^ + 2dv dr + r^d^^ (3.50) 
This is non-singular on the null hypersurface r = M. 
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Proposition r = M is a degenerate (i.e. surface gravity k = 0) 
Killing horizon of the Killing vector field k = d/dv. 

Proof From the previous calculation / = fd/dv so r = M is a Killing 
horizon of /c, and k ■ Dk = when r+ = r_ = M. 

Since the orbits of A; on r = M are affinely parameterized they must 
go to infinite affine parameter in both directions internal oo. This 
is the same internal oo that we find down the infinite ER bridge. 

Note that k is null on r = 2M, but timelike everywhere else, so region 
II has disappeared and region I now leads directly to region V. The 
CP diagram is 
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3.4.1 Nature of Internal oo in Extreme RN 

The asymptotic metric as r — > oo is Minkowski. To determine the 
asymptotic metric as r ^ M we introduce the new coordinate A by 
r = M(l + A) and keep only the leading terms in A, to get 

F ~ dXAdt (3.51) 

ds^ ~ {-X^dt^ + M^X-^dX^)+ M^dn'^ (3.52) 
^ ' ^ ^ ' 

adS2 c'^'^}^^''^., 
or radius M 

This is the Robinson-Bertotti metric. It is a kind of 'Kaluza-Klcin' 
vacuum in which two directions are compactified and the 'effective' 
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spacetime is the two-dimensional 'anti-de Sitter' {adS2) spacetime of 
constant negative curvature. (See Q.II.7). 



3.4.2 Multi Black Hole Solutions 



The extreme RN in isotropic coordinates is 



ds2 = 



(3.53) 



where 




(3.54) 



P 

This is a special case of the multi black hole solution 
ds'^ = V-'^dt^ + V'^dx ■ dx 



(3.55) 



where dx ■ dx is the Euclidean 3-metric and V is any solution of V^y = 0. 
In particular, 



yields the metric for N extreme black holes of masses Mj at positions Xj. 
Note that the 'points' Xi are actually minimal 2-spheres. There are no 
(5-function singularities at x = Xj because the lines of force continue indefi- 
nitely into the asymptotically RB regions ('charge without charge'). 

Note that a static multi black hole solution is possible only when there is 
an exact balance between the gravitational attraction and the electrostatic 
repulsion. This occurs only ioi M = \Q\. 




N 



(3.56) 
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Chapter 4 

Rotating Black Holes 



4.1 Uniqueness Theorems 
4.1.1 Spacetime Symmetries 

Definition An asymptotically flat spacetime is stationary if and only if 
ttiere exists a Killing vector field, k, that is timelike near oo (where we may 
normalize it s.t. A;^ — ^ — 1). 

i.e. outside a possible horizon, k = d/dt where t is a time coordinate. 
The general stationary metric in these coordinates is therefore 

ds^ = 900 {x)dt^ + 2gQi {x)dt dx^ + gij {x)dx^ dx^ (4.1) 

A stationary spacetime is static at least near oo if it is also invariant under 
time-reversal. This requires qqi = 0, so the general static metric can be 
written as 

ds^ = goo{x)dt'^ + gij{x)dx' dx^ (4.2) 
for a static spacetime outside a possible horizon. 

Definition An asymptotically flat spacetime is axisymmetric if there ex- 
ists a Killing vector field m (an 'axial' Killing vector field) that is spacelike 
near oo and for which all orbits are closed. 
We can choose coordinates such that 

m=^ (4.3) 

where cj) is a coordinate identified modulo 27r, such that /r'^ — > 1 as r — > oo. 
Thus, as for k, there is a natural choice of normalization for an axial Killing 
vector field in an asymptotically flat spacetime. 
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Birkhoff 's theorem says that any spherically symmetric vacuum solu- 
tion is static, which effectively implies that it must be Schwarzschild. A 
generalization of this theorem to the Einstein-Maxwell system shows that 
the only spherically symmetric solution is RN. 

But suppose we know only that the metric exterior to a star is static. 
Unfortunately static 7^ spherical symmetry. However, if the 'star' is actually 
a black hole we have: 

Israel's theorem If (M, g) is an asymptotically-flat, static, vacuum space- 
time that is non-singular on and outside an event horizon, then {M,g) is 
Schwarzschild. 

Even more remarkable is the: 

Carter- Robinson theorem If (M, g) is an asymptotically-flat stationary 
and axi- symmetric vacuum spacetime that is non-singular on and outside 
an event horizon, then (M, g) is a member of the two-parameter Kerr family 
(given later) . The parameters are the mass M an the angular momentum J. 

The assumption of axi-symmetry has since been shown to be unneces- 
sary, i.e. for black holes, stationarity =^ axisymmetry (Hawking, Wald). 

Stationarity 4^ equilibrium, so we expect the final state of gravitational 
collapse to be a stationary spacetime. The uniqueness theorems say that if 
the collapse is to a black hole then this spacetime is uniquely determined 
by its mass and angular momentum (cf. state of matter in thermal equi- 
librium). Thus, all multipole moments of the gravitational field are radiated 
away in the collapse to a black hole, except the monopole and dipole mo- 
ments (which can't be radiated away because the graviton has spin 2). 

These theorems can be generalized to 'vacuum' Einstein-Maxwell equa- 
tions. The result is that a stationary black hole spacetimes must belong to 
the 3-parameter Kerr-Newman family. In Boyer-Linquist coordinates the 
KN metric is 



ds^ = - 



(A - sin^ 6) „ „ 
^-dt^ - 2a sin^ 9 




(4.4) 



+ 
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where 



S = + cos^ 9 
A = - 2Mr + + 



(4.5) 



The three parameters are M, a, and e. It can be shown that 



where J is the total angular momentum, while 



e = + (4.7) 

where Q and P are the electric and magnetic (monopole) charges, respec- 
tively. The Maxwell 1-form of the KN solution is 



_ Qr [dt — a sin 6'#) - P cos 6" [adt - (r^ + a^) d<j)] 



(4.8) 



Remarks 

(i) When a = the KN solution reduces to the RN solution. 

(ii) Taking (j) ^ —<j) effectively changes the sign of a, so we may choose 
a > without loss of generality. 

(iii) The KN solution has the discrete isometry 

t^-t, (j)^-^ (4.9) 

4.2 The Kerr Solution 

This is obtained from KN by setting e = 0. Then 

A = r'^-2Mr + a^ (4.10) 
(S = r^ + a^cos^^) (4.11) 

The Kerr metric is important astrophysically since it is a good approxima- 
tion to the metric of a rotating star at large distances where all multipole 
moments except / = and I = 1 are unimportant. The only known solution 
of Einstein's equations for which Kerr is exact for r > P is the Kerr solu- 
tion itself (for which T^jy = 0), i.e. it has not been matched to any known 
non-vacuum solution that could represent the interior of a star, in contrast 



78 



to the Schwarzschild solution which is guaranteed by BirkhofF's theorem to 
be the exact exterior spacetime that matches on to the interior solution for 
any spherically symmetric star. 



The Kerr metric in BL coordinates has coordinate singularities at 

(a) 6 = (i.e on axis of symmetry) 

(b) A = 
Write 

A = (r-r+)(r-r_) (4.12) 

where 

r± = M± - a2 (4.13) 

There are 3 cases to consider 

(i) < o^ : r± are complex, so A has no real zeroes, and there are 
no coordinate singularities there. The metric still has a coordinate 
singularity at ^ = 0. More significantly, it has a curvature singularity 
at S = 0, i.e. 



r = 0, 9 = 1^/2 



(4.14) 



The nature of this singularity is best seen in Kerr-Schild coordinates 
{i,x,y,z) (which also removes the coordinate singularity aX 6 = 0). 
These are defined by 



X + iy = (r + ia) sin exp 
z = r cos 6 



t 



dr\ — r 



which implies that r = r{x,y,z) is given implicitly by 
r — [X +y + z — a ) r — 



^2^2 ^0 



(4.15) 
(4.16) 
(4.17) 



(4.18) 
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In these coordinates the metric is 



+ 



-dr + dx^ + dy^ + dz 
2Mr^ 



(4.19) 

1 2 



r(xdx + y dy) — a{x dy — y dx) ^ zdz ^ 

r 



which shows that the spacetime is flat (Minkowski) when M = 0. 



The surfaces of constant t, r are confocal elhpsoids which degenerate 
at r = to the disc z = 0, + y"^ < a}. 




r decreasing 



r = constant 



(y axis suppressed) 



disc 

^ = 



r = 



= 7r/2 corresponds to the boundary of the disc at + = so 
the curvature singularity occurs on the boundary of the disc, i.e. on 
the 'ring' 



+ = a^, z = 



(4.20) 



There is no reason to restrict r to be positive. The spacetime can be 
analytically continued through the disc to another asymptotically flat 
region with r < 0. 
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Causal structure 



Because we now have only axial symmetry we really need a 3-dim 
spacetime diagram to encode the causal structure, but the ^ = 0, 7r/2 
submanifolds are totally-geodesic, i.e. a geodesic that is initially tan- 
gent to the submanifold remains tangent to it, so we can draw 2-dim 
CP diagrams for them. 




For 9 = Tr/2 each point in the diagram represents a circle (0 < (p < 2tt). 
Each ingoing radial geodesic hits the ring singularity at r = 0, which 
is clearly naked. For ^ = we are considering only geodesies on the 
axis of symmetry. Ingoing radial null geodesies pass through the disc 
at r = into the other region with r < 0. We can summarize both 
diagrams by the single one. 
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The spacetime is unphysical for another reason. Consider the norm of 
the Kilhng vector field m = d/d(p: 

Let r/a = 6 (small) and consider 6 = /2 + 5. Then 

= a^ + ^ + 0{S), for,5<l (4.22) 
< for sufficiently small negative S 

So m becomes timelike near the ring-singularity on the r < branch. 
But the orbits of m are closed, so the spacetime admits closed timelike 
curves (CTCs). This constitute a global violation of causality. 



Moreover because of the absence of a horizon these CTCs may be 
deformed to pass through any point of the spacetime (Carter). They 
also miss the singularity by a distance ~ M, for M a, and M can 
be arbitrarily large. Since the ring singularity would be naked for 
< , then even if the white hole region is replaced by a collapsing 
star, we can invoke cosmic censorship to rule out < a^. 

(ii) > g^ . We still have a ring-singularity but now the metric (in BL 
coordinates) is singular at r = r+ and r = r_. These are coordinate 
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singularities. To see this we define new coordinates v and x by 



(r2 - (P) 
dv = dt+^ — — — ^-dr 

dx = d(j)+ ^dr 



(4.23) 
(4.24) 



This yields the Kerr solution in Kerr coordinates {v,r,6,x) which are 
analogous to ingoing EF for Schwarzschild: 



ds'' 



(A - sin^ 6) , 2a sin^ 6 (r^ + - A) 

^ '-dv^ + 2dvdr- ^ ' 



dv dx 



—2a s\T? Odxdr + 



{r^ + a^f -Aa'^sin^e 



sin^ edx^ + ^d9^ 



(4.25) 



This metric is non singular when A = 0, i.e. when r = r+ or r = r_ 



Proposition The hypersurfaces r = r± are Killing horizons of the Killing vector fields 
a 



m 



with surface gravities 

r± — Tip 



K± 



2 (4 + a2) 



(4.26) 



(4.27) 



Proof Let A/± be the hypersurfaces r = r±. The normals are 

l± = f±g^^\j\j-, d/j,, for some non-zero functions /± (4.28) 



r\ + a^ cos^ 6 J \dv r%+ a^ dx 



(Ex<^8) 



First 



2a 



Z± oc \9vv + fj^23vx + + a2)2fxx 



(4.30) 



A=0 
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so A/± are null hypersurfaces. Since ^±\j^^ oc l±, they are Killing hori- 
zons of It remains to compute ^±D^^. This gives the result for 
K± (Exercise). 



This result can be used to find KS type coordinates that cover 4 regions 
around a BK axis of each Killing horizon, and the 9 = and = 7r/2 
CP diagram of the maximal analytic extension of > Kerr can 
be found. Note that the diagram can be extended infinitely in both 
time directions. 




cauchy horizon at r = r_ 



future event horizon 
at r = r+ 



4.2.1 Angulcir Velocity of the Horizon 

The event horizon is a Killing horizon of 

i = k + ^Hm (4.31) 
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where 



J 

2M [m2 + ^/M*^~P 



(4.32) 



In coordinates for which k = d/dt and m = d/d<^ we have that 



^'^5/, (</. - nnt) = (4.33) 

i.e. (j) = + constant, on orbits of ^, whereas is constant on orbits 
of k. Note that k is unique. Consider 

{k + am)^ = gtt + '2.agt<f, + a^y^,^ (4.34) 

As long as gt^ is finite and g^^ ~ as r ^ oo, we have {k + am)^ ~ 
aV^ > (if a / 0) as r ^ oo. So there can be only one Killing vector 
k that is timelike at oo and normalized s.t. A;^ — > — 1 as r — > oo. 

Thus particles on orbits of ^ rotate with angular velocity Q,h relative to 
static particles, those on orbits of k, and hence relative to a stationary 
frame at oo. Since the null geodesic generators of the horizon follow 
orbits of ^ the black hole is rotating with angular velocity Q,h- 



Lemma ^ • = on a Killing horizon, AA, of ^. 



Proof 



= ^\-^Hi-m\j^ (4.35) 
= - ^Ih^ ■ m\j^ (since = o on N) (4.36) 

Now, is a fixed point set of m, since m is Killing (Choose coordinates 
s.t. m = d/d(f). The metric is independent, so the position of the 
horizon is independent of ^). So m must be tangent to A/" or Z • m = 
where I is normal to M. But ^ oc Z on A/", so ^ • m\j^ = 0. Hence result. 
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Consistency checks (See Question III. 3) 

^2 = implies that 

k'^ + 2nHm- k-m'^nH = 0, on A/" (4.37) 
But ^ ■ k = implies that 

k'^ + nnm ■k = 0, on A/" (4.38) 
Consistency requires 

D = {k-mf- k^m^ |^ = (4.39) 

For Kerr, D = A sin^ ^ = on □. 
Also 



9tt 



m-k gt<f, 



-a} sin^ I 



in BL coordinates (4.40) 

M 

(4.41) 



r\ + 

(iii) = o? Extreme Kerr 

In this case we have a degenerate {k = 0) Killing horizon at r = M of 
the Killing vector field 

^ = k + nHm, ^H = ^ (4.43) 

The CP diagram is 
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So there can be only one Killing vector k for which A; • A; — ^ — 1 as 
r — > oo. 

N.B. If you change the sign of r in the Kerr metric this effectively changes 
the sign of M. 



87 



4.3 The Ergosphere 



Although k is timeUke at oo it need not be timehke everywhere outside the 
horizon. For Kerr, 



k'^ = 9tt = - 



(A 



a sm" 



e) 



= - 1- 



2Mr 



+ cos^ 



so k is timeUke provided that 

+ cos^ e - 2Mr > 
For ^ this implies that 
r > M + - a2 cos2 9 



(or r < M - VM^" — a2 cos2 9, but this is not physically relevant). 
The boundary of this region, i.e. the hypersurface 



M + - a2 cos2 9 



(4.44) 

(4.45) 
(4.46) 

(4.47) 



is the ergosphere. The ergosphere intersects the event horizon at 9 = 0, it, 
but it lies outside the horizon for other values of 9. Thus, k can become 
spacelike in a region outside the event horizon. This is called the ergoregion. 



ergosphere 



event 
horizon 




6> = 7r/2 



r — r+ 



r^M + VM2 - a2 cos2 9 



ergoregion 



4.4 The Penrose Process 

Suppose that a particle approaches a Kerr black hole along a geodesic. If p 
is its 4-momentum we can identify the constant of the motion 



E = —p ■ k 



(4.48) 
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as its energy (since E = at oo). Now suppose that the particle decays 
into two others, one of which falls into the hole while the other escapes to 



oo. 



horizon 



E 



BH 



-El ^ -pi-k 



E2 = —p2 ■ k 



By conservation of energy 

E2 = E — El 
Normally Ei > so E2 < E, but in this case 

El = -pi-k 



(4.49) 



(4.50) 



which is not necessarily positive in the ergoregion since k may be spacclikc 
there. Thus, if the decay takes place in the ergoregion we may have E2 > E, 
so energy has been extracted from the black hole. 

4.4.1 Limits to Energy Extraction 

For particles passing through the horizon at r = r+ we have 

-p-C>0 (4.51) 

Since is future-directed null on the horizon and p is future-directed timelike 
or null. Since = k + flnm, 



E-rinL > 



(4.52) 
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where L = p-m is the component of the particle's angular momentum in the 
direction defined by m (only this component is a constant of the motion). 
Thus 

L<^ (4.53) 

If E is negative, as it is for particle 1 in the Penrose process then L is also 
negative, so the hole's angular momentum is reduced. We end up with a 
hole of mass M + SM and angular momentum J + SJ where SM = E and 
5J = L so 



6J < — = ^ 'SM (4.54) 

from formula for CIh- This is equivalent to (Exercise) 

S [m'^ + - J2^ > (4.55) 

(This quantity must increase in the Penrose process). 



Lemma ^4 = Stt 



is the 'area of the event horizon', of a 



Kerr black hole (i.e. area of intersection of H'^ with partial Cauchy surface, 
e.g. area of u = constant, r = r+ in Kerr coordinates (See Question III.5). 

Corollary Energy extraction by Penrose process is limited by the require- 
ment that 6A > 0. This is a special case of the second law of black hole 
mechanics. 



4.4.2 Super-radiance 

The Penrose process has a close analogue in the scattering of radiation by a 

Kerr black hole. For simplicity, consider a massless scalar field $. Its stress 
tensor is 

T^u = d^^d,^ - \g^u{d^f (4.56) 
Since Dfj,T^i, = we have 

{Ti'X) = T^^'D^K = (4.57) 
so we can consider 

/ = -T^^X = -d^^k ■ a$ + ^k^'id^f (4.58) 
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as the future directed {—k • J > 0) energy flux 4-vector of Now consider 
the following region, S, of spacetime with a null hypersurface J\f C 7^+ as 
one boundary. 




—n 



Note: — ^ is 'outward 

directed' normal to J\f, as 
determined by continuity 



Assume that = at io- Since D^j^ = we have 

= ! d'x^D^f= f dS^f (4.59) 

JS JdS 

= [ dS^f-j dS^f-j dS^f (4.60) 

JT.2 -'Si JN 



= E2-E1- dS^f (4.61) 

where Ei is the energy of the scalar field on the spacelike hypersurface Ej. 
The energy going through the horizon is therefore 



AE = Ei-E2 = ^ dS^,f (4.62) 

= — J dAdv ^f^j'^, (t; is Kerr coordinate) (4.63) 

The energy flux lost/unit time (power) is therefore 

P = - J dA^^f = J dA{^- d<P){k ■ D<^) (4.64) 
(since ^ • = on horizon by previous Lemma) 
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For a wave-mode of angular-frequency u> 



$ = $0 cos {lvv — vx) 



v € 7j (angular quantum no.) 



(4.66) 



The time average power lost across the horizon is 



(4.67) 



where A is the area of the horizon. 

P is positive for most values of u, but for u in the range 



< a; < vQh 



(4.68) 



it is negative, i.e. a wave-mode with cj, u satisfying the inequality is amplified 
by the black hole. 

Remarks 

i) Process is positive only for 7^ because the amplified field must also 
take away angular momentum from the hole. 

ii) Process is similar to stimulated emission in atomic physics, which sug- 
gests the possibility of a spontaneous emission effect. This can be 
shown to occur in the quantum theory so any black with an ergore- 
gion cannot be stable quantum mechanically. 

iii) We have neglected the back-reaction of $ on the metric. When cor- 
rected for back-reaction the metric can be stationary only if d^/d(f) = 
0, but then j'' = and the black hole energy doesn't change, i.e. 
strictly speaking super-radiance is incompatible with stationarity. 
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Chapter 5 

Energy and Angular 
Momentum 



5.1 Covariant Formulation of Charge Integral 

In the usual Minkowski space formulation with charge density p{x, t) , the 
charge in a volume V is written as 

Q = I dV p= j dVV ■ E by Maxwell's eqs. (5.1) 
Jv Jv 

Q = I dS-E by Gauss' law (5.2) 

JdV 

where surface integral is over boundary of V. Note that, 

V ■E=^diJ^gE\ dV = d\J^g (5.3) 

(3) 

where g is the determinant of the 3-metric, so 

j dVV ■£ = J d\di (^sJ^gE^ = J dSiE\ (5.4) 
The Lorentz covariant formulation uses the similar result 

1 - / / (4)^ 



'gF'^" = D^Fi'- . (5.5) 



The volume V is replaced by an arbitrary spacelike hypersurface S (partial 
Cauchy surface) with boundary 5S. The volume element on S is a non- 
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spacelike co vector (1-form) dS^. Given the current density 4- vector j^{x) 
we write 

Q = jjS^f (5.6) 

We can choose S (at least locally) to be i = constant, in which case dS^ = 
(dVjO). Since j° = p, we recover the previous expression for Q. Now use 
Maxwell's equations. D^F^^" = jf^ to rewrite Q as 

Q = J^dS^D.Fi"' (5.7) 

= J / dS^^F^"' by Gauss' law (5.8) 

where dS^u is the area element of 5S. When E is t = constant the only 
non-vanishing components of dS^i, are 

dS^i = -dSio = dSi (5.9) 

in which case 

Q= (f dSiF^' (5.10) 
But F^'^ = — = E'^, so we recover the previous formula. 



5.2 ADM energy 

We cannot define energy in the same way because this is associated with 
a conserved symmetric tensor T^'^, rather than a vector. This is not un- 
expected because a locally conserved energy can exist only in a spacetime 
admitting a timelike Killing vector field. 

[Unlike photons, which do not carry charge, gravitons do carry energy 
possibility of energy exchange between matter and its gravitational field.] 

We can still define a total energy in asymptotically flat spacetimes as 
a surface integral at infinity because d/dt is asymptotically Killing in such 
spacetimes. In this case 

9fj,v rjixv as r — > oo {■qnn Minkowski metric) (^-H) 

We shall assume that, in Cartesian coordinates, 

h,n. = g^u -Vf^u = (^^^ (5.12) 

which will justify a linearization of Einstein's equations near oo. 
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Exercise Show that Gnu = SirGTnu becomes the Pauh-Fierz equation 



-IGttG ( Tf,^ - -ri^uT 



where 



□ 




h 


= t'K. 




— -rfPh 


T 


— n^^^T 

— '1 -LflU 



Take the trace to get 



□/i- /j/^ = SttGT 



We shall first consider a weak static dust source 

zero pressure for 'dust' 



(P 











(5.13) 



(5.14) 
(5.15) 
(5.16) 
(5.17) 



(5.18) 



(5.19) 



p = for static 

A-rrGp <. 1 







for weak 



Since source is static we may assume static h^^, i.e. h^i, = 0. Then fi = u 
component of (|5.13| ) becomes 



-SvrGToo 
while ( ^.18 ) becomes 



'3 J 



-SvrGTf 



00 



(5.20) 
(5.21) 



di (dihjj - djhij) 
Add ( |530| ) and to get 



1 



too 



WttG 



di {djhij — dihjj) (Cartesian coordinates) 



(5.22) 
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Since the source is weak we can assume that the spacetime is almost Minkowski, 
i.e. we treat hfj^y as a field on Minkowski spacetime. The total energy is now 
found by integrating Tqo over all space. 

E = t = constant (^^^ ^00 (5.23) 
J all space 

Using Gauss' law we can rewrite result as the surface integral 

E = J) dSi {djhij — dihjj) (Cartesian coordinates) (5.24) 

iDTTLT 

But this depends only on the asymptotic data, so we may now change the 
source in any way we wish in the interior without changing E, provided that 
the asymptotic metric is unchanged. So formula for E is valid in general. 

This is the ADM formula for the energy of asymptotically flat spacetimes. 

5.2.1 Alternative Formula for ADM Energy 

Subtract (|]2l|) from (|5^ ) to get 



di {djhj - d^hjj) = -2V^hoo (5.25) 
This allows us to rewrite ADM formula as 

^ = -^f dSid.hoo (5.26) 
But (Exercise) 

g^ir^f = -^dihoo + O ^-^3^ (r = affine connection) (5.27) 
and hence 



/ dSoi D'k^ where k = ^, dS; = dSoi (5.29) 
/oo dt 



But k is asymptotically Killing, i.e. 

D^'k'' + D^k^ = O (\] (5.30) 



so 



E = (p dS^uD'^k'^ (5.31) 



oo 
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5.3 Komar Integrals 

Let F be a volume of spacetime on a spacelike hypersurface S, with bound- 
ary dV. To every Killing vector field ^ we can associate the Komar integral 

for some constant c. Using Gauss' law 

QdV) = ^j^ dS^D^Di^C' (5.33) 



Lemma DyD^^^^ = R^uS,^ for Killing vector field ^. 
Proof By contraction of previous 'Killing vector Lemma.' 



Using Lemma, 

= cJdS^ (t''^^" - ^T^f"^ (by Einstein's eqs.) (5.35) 
= J dSf^J^iO (5-36) 



where 



J'^(0 = c ( T^e" - ) (5.37) 



Proposition 5^J'*(^) = 0. 
Proof Using Df.T^"' = we have 



(5.38) 



for Killing vector ^ 
; ■ dR (by Einstein's 
for Killing vector field ^ (5.40) 



■ dR (by Einstein's eqs.) (5.39) 
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(In this last step, choose coordinates s.t. ^ ■ d = d/da, then the metric is 
a-independent {dg^j,v/da = 0), so R is too {dR/da = 0)). 

Since J'^{^) is a 'conserved current', the charge Q^iV) is time-independent 
provided J'^{(,) vanishes on dV, just as for electric charge. 

Exercise ^ = k (time-translation Killing vector field) 

(5.41) 



i.e. c = —2, is fixed by comparison with previous formula derived for total 
energy, i.e. by choosing V = 2-sphere at spatial oo. 



Exercise Verify that E(y) = M for Schwarzschild, for any V with dV in exterior (r > 
2M) spacetime. 



5.3.1 Angulcir Momentum in Axisymmetric Spacetimes 

Return to Komar integral. Let ^ = m = d/d<^ and choose c = 1 to get 



1 



(5.42) 



Note here factor of —1/2 relative to Komar integral for the energy. 

To check coefficient, use Gauss' law to write J{V) = Jy dS^J^^{m) where 

J^'im) = Ti'^m" - ^Tmi" (5.43) 

If we choose F to be on t = constant hypersurface, and m = d/d(f), then 
dSi^m^ = 0, so 

J{V)= f dVT\m''= [ dV {T\x^ -T\x^) (5.44) 
Jv Jv 

in Cartesian coordinates (x*; i = 1,2, 3} where 

1 ^ 2 "5 ir Ar:\ 

m = X - X ——r (5.45) 

ax^ ox^ 
For a weak source, g ^ rj and 

J{V)^ e^jk I d\x^T^^ (5.46) 
Jv 
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which is result for S'^'^ component of angular momentum of field in Minkowski 

spacetime with stress tensor T^^. 

So the total angular momentum of an asymptotically flat spacetime is 
found by taking dV to be a 2-sphere at spatial infinity 



(5.47) 



5.4 Energy Conditions 



r^iy satisfies the dominant energy condition if for all future-directed timelike vector fields 

V, the vector field 

j{v) ^ -v'^T^'d, (5.48) 
is future-directed non-spacelike, or zero. 



All physically reasonable matter satisfies this condition, e.g. for massless 
scalar field $ (with T^^ = d^^d^^ - \g^^{d^f): 

f{v) = -vd^d^'^ + ]^v^{d^f (5.49) 
/(^) = ^v^{{d^ff<Q ifi;2<0 (5.50) 



>0 



so j{v) is timelike or null if v is timelike. Since v is assumed future-directed, 
j{v) will be too if —v ■ j > 0. Allowing for j = means that we have to 
prove that —v • j > 0. Now 

-vj = {vd^f -^v^id^f (5.51) 

= 5(-a<i'f + iH=)(8<i>-^^)' P.52) 

But {v ■ ^ ^-^d —v^ > for timelike v, so we have to prove that 



2 



d^-^-^J >0 (5.53) 
i.e. that is spacelike or zero. This follows from 

vU- '-^^) = (5.54) 
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since v - V < for any non-zero timelike or null vector for timelike v (choose 
coordinates s.t. -y = (1, 0)). So if u-F = then V cannot be timelike or null. 



Since —v ■ j = v^v'^T^'^, the dominant energy condition implies that 
v^^v'^Tfj^i, > for all timelike v. By continuity it also implies the 



Weak energy condition 




v^v'^T^u > V non-spacelike v 


(5.55) 


There is also the 


Strong energy condition 




v'^v" ^niy - ^g^^T^ > V non-spacelike v 


(5.56) 


Note, Dominant ^ Strong. 



The strong energy condition is needed to prove the singularity theorems, 
but the dominant energy condition is the physically important one. (An 
inflationary universe violates the strong energy condition). For example it 
is needed for the 



Positive Energy Theorem (Sheen & Yau, Witten) 

The ADM energy of an asymptotically-flat spacctimc satisfying Gf^u = 
SnGT^i, is positive semi-definite, and vanishes only for Minkowski space- 
time with Tfj,!^ = 0, provided that 

i) 3 an initially non-singular Cauchy surface (otherwise M < Schwarzschild 
would be a counter-example). 

ii) Ti^i, satisfies the dominant energy condition (clearly, some condition 
on Tfj^i, is necessary). 

iii) Some other technical assumptions which we ignore here. 
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Chapter 6 

Black Hole Mechanics 



6.1 Geodesic Congruences 

Definition A congruence is a family of curves such tliat precisely one 
curve of the family passes through each point. It is a geodesic congruence 
if the curves are geodesies. 

The equations of a geodesic congruence may be written as x'^ = x'^ (y", A) 
where the parameters y",Q; = 0, 1,2 label the geodesic and A is an afiine 
parameter on the geodesic, i.e. 

is the tangent to the geodesies such that t ■ Dt^ = 0. Since the parameter 
A is afiine, = — 1 for timelike geodesies (while = for null geodesies). 
The vectors 

may be considered as a basis of 'displacement' vectors across the congruence: 
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neighboring geodesies 



.[': constant A 



Note that t and r]a commute (since we could choose coordinates x'^ s.t. 
t = d/d\ and t/q, = so 

= t''5,<-r?^5,t'^ 



= t'^Di^r]^ — rf^Diit'^ (by symmetry of connection) 



(6.3) 
(6.4) 
(6.5) 



or 



where 



B% = Da" 



(6.6) 



(6.7) 



measures the failure of the displacement vectors rja to be paralelly-transported 
along the geodesies, i.e. it measures geodesic deviation. 

A geodesic nearby some fiducial geodesic may now be specified by a 
displacement vector r], but this specification is not unique because r)' = rj+at 
(a = constant) is a displacement vector to the same geodesic. 
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fiducial 
gedoesic 




r] + at 



neighbouring 
geodesic 



For timelike geodesies we can remove this ambiguity by requiring 77 to be 
orthogonal to t, i.e. 



ri-t = 



(6.8) 



Strictly, speaking we can only make such a choice at a given value of A, by 
choosing the origin of A across the congruence. However 

d 



dX 



(ri-t) = {t- Dri'') tf, (since t-Dt^ = 0) 
= S';r?% = (r?'^i^,i'^)i^ 



(6.9) 
(6.10) 
(6.11) 



since = —1 for timelike congruences, so if 77 • f is chosen to vanish at one 
value of A it will do so for all A. 



For null congruences the condition rj ■ t = is not sufficient to eliminate 
the ambiguity in the choice of rj because 

rj'-t = (r] + at)-t = r]-t + at-t (6.12) 
= r)-t (6.13) 

when = 0, which means that ij' ■ t = whenever rj ■ t = 0. The problem 
is that the 3-dim space of vectors orthogonal to t now includes t itself, so 
the displacement vectors 77 orthogonal to t specify only a two-parameter 
family of geodesies. Displacement vectors to the other null geodesies in the 
congruence have a component in the direction of a vector n that is not 
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orthogonal to t. The choice of n is otherwise arbitrary (it is analogous to 
the choice of gauge in electrodynamics), but it is convenient to choose it 
such that 



n = 0, n -t 



(6.14) 



e.g. if t is tangent to an outgoing radial null geodesic, then n is tangent to 
an ingoing one. 



•outgoing radial 
null geodesic 




n 



^/2 



Consistency of the choice of n requires that and n-the independent of 
A, which is satisfied if 



/ ■ Dili' = 



(6.15) 



i.e. we choose n to be parallely-transported along the geodesies. 



Having made a choice of the vector n, we may now uniquely specify a two- 
parameter subset of geodesies of a null geodesic congruence by displacement 
vectors rj orthogonal to t by requiring them to also satisfy 



?7 • n = 



(6.16) 



The vectors r] now span a two-dimensional subspace, T_\_, of the tangent 
space, that is orthogonal to both t and n, i.e. Pr] = rj, where 



projects onto T±. 



(6.17) 
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Proposition Prj = rj ^ t ■ Drf'^ = 


B%rf , where 




B^, = P\B\PP, 




(6.18) 


i.e. if ?7 € T_\_ initially, it remains in 


this subspace. 





Proof 

t-Drj^" = t-D{P^'^rf) (li Pr] = rf) (6.19) 

= Pfit-Dr)" {since t ■ Dn = t ■ Dt = 0) (6.20) 

= P^^B^p-qP (by definition) (6.21) 

= P^iB^pPP^ri^ {since Pri = ri) (6.22) 

= BP-^rj'' □. (6.23) 

B is effectively a 2 x 2 matrix. We now decompose it into its algebraically 
irreducible parts 

= 1 + ^A*^ + (6.24) 



2 



where 


— ^ n 


e 




= B^nv) 







(trace) expansion 
— ^P^^B^p (symmetric, traceless) shear 
(anti-symmetric) twist 



Notation: 



2 {B^lu + B^^^ 



B[ny] - -[B^u-By^ 



Lemma t^^B^p^ = t^^^B^p^ 

Proof Using t • = and = o, we have 

B% = B% + t^" (nxBi + nxB\nPt,) + {B^nP) t, (6.25) 
Hence result. ([ ] indicates total anti-symmetrization on enclosed indices). 



Proposition The tangents t are normal to a family of null hypersurfaces iff cD = 0. 
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Proof If a) = 0, then 


= HfiBup] (by Lemma) 



(6.26) 
(6.27) 
(6.28) 



so t is normal to a family of hypersurfaces by Probenius' theorem. (In this 
case we can take t = l). 

Conversely, if t is normal to a family of null liypcrsnrfaccs, then Frobe- 
nius' theorem implies t^fj^D^itpj = 0. Then, reversing the previous steps we 
find that. 



1 



(6.29) 



Contract with n. Since n ■ t = —1 and nu = Qn = (because u contains 
the projection operator P), we deduce that a) = 0. 

If a) = we have a family of null hypersurfaces. The family is parame- 
terized by the displacement along n 



family of 

null hypersurfaces 




6.1.1 Expansion and Shear 

Two linearly independent vectors Ty*^^-* and Ty*^^-* orthogonal to n and t deter- 
mine an area element of Tj^. The shear a determines the change of shape of 
this area clement as A increases. The magnitude of the area element defined 
by r/*^^) and 77^^^ is 

a = e^^^P''t^n,n^^\P (6.30) 

Since t ■ Dt = and t ■ Dn = 0, we have 

^ = t-da = t-Da = e'^'P'^t^n, (t ■ Drj'^^'^r]^ + r?«t • Dr]j^^y. 31) 
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(1) (2 



= 6a (see Question IV.2) 



(6.32) 

(6.33) 
(6.34) 



i.e. 6 measures the rate of increase of the magnitude of the area element. If 
9 > neighboring geodesies are diverging, if ^ < they are converging. 

Raychaudhuri's equation for null geodesic congruences 



d9_ 
dX 



t . D {B^,P-^) 

P^^t ■ DBf"^ (since t ■ Dt = and t ■ Dn = 0) 
P'^^tf'D^Dpt^' + P'^^tf [Dp, D,] 



-\- P^ fPE ^ 

-r Jr -"-pi/ a'' 



P'^^B^'pBP^ - f'Rpat'' (using symmetries of R) 



(6.35) 

(6.36) 
(6.37) 
(6.38) 

(6.39) 

(6.40) 



_p.^5M^pA + P-'pB^t^npBP, + P''^B\n\B'', - tH^ Rp, 
-Bf'pBP^ - tPfRpa (using t • £»t = and = o) (6.41) 



or 



d9 
dX 



This is Raychaudhuri's equation for null geodesic congruences. 



(6.42) 



Some consequences of Raychaudhuri's equation for null hypersur- 
faces 



Proposition The expansion 9 of the null geodesic generator of a null hypersurface, J\f, 
obeys the differential inequality 



dX 



< -- 



(6.43) 



provided the spacetime metric solves Einstein's equations G/^i^ = SirGTui, and T^,^ satisfies 
the weak energy condition. 



107 



Proof (T^ > because the metric in the orthogonal subspace Tx (to I and 
n) is positive definite. tJ^ > also, but this comes in with wrong sign, 
however a) = for a hypersurface. Thus Raychaudhuri's equation implies 

JO -1 

^ < -^e^-R^J^r (6.44) 

< -^e"^ - SngT^J^l" (by Einstein's eq.) (6.45) 

< — by weak energy condition (6.46) 



Corollary li 9 = 6q < at some point p on a null generator 7 of a null hypersurface, 
then 9 — —00 along 7 within an affine length 2/ \ 9o\. 



Proof Let A be the affine parameter, with A = at p. Now 

^ < -le^ ^ ^ {e-') > J 9-'>lx + constant (6.47) 

ctA 2 uA 2 2 

where, since 9 = 9q ai \ = 0, the constant cannot exceed 9q^. Thus 

9-^ >-X + 9^^ => 9< ^ (6.48) 

If ^0 < the right-hand-side — — 00 when A = 2/|0o|, so 9 — —00 within 
that affine length. 



Interpretation When ^ < neighboring geodesies are converging. The 
attractive nature of gravitation (weak energy condition) then implies that 
they must continue to converge to a focus or a caustic. 



Proposition If is a Killing horizon then B^^, = and 

^^0 (6.49) 



Proof Let ^ be the Killing vector s.t. ^ = f I {I ■ Dl = 0) on M for some 
non-zero function /. Then 

B^i, = Bf^i^y^ (since a) = for family of hypersurface) (6.50) 
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= P^^ {d^pf-') Cx)P^ (since i^(,eA) = 0) 
= (since P^ = ^P = 0) 



(6.51) 
(6.52) 
(6.53) 



In particular 9 = 0, everywhere on M, so dO/dX = 0. 



Corollary For Killing horizon of ^ 



(6.54) 



Proof Using d9/d\ = and 



fj,i> — 



in Raychaudhuri's equation. 



6.2 The Laws of Black Hole Mechanics 



Previously we showed that is constant on a bifurcate Killing horizon. The 
proof fails if we have only part of a Killing horizon, without the bifurcation 
2-sphere, as happens in gravitational collapse. In this case we need the: 

6.2.1 Zeroth law 

If T^i, obeys the dominant energy condition then the surface gravity k is constant on the 
future event horizon. 



Proof Let ^ be the Killing vector normal to H'^ (here we use the theorem 
that n+ is a Killing horizon). Then since Ri^u^^^" = and = on 7^+, 
Einstein's equations imply 



= - r^.eriw+ = M^n^ (6-55) 

i.e. J = {—T^uS,^) is tangent to 7i+. It follows that J can be expanded 

on a basis of tangent vectors to TC~^ 



J=a^ + biTj^^) + b2ri^^^ on (6.56) 

But since ^ • 77*^*) = this is spacelike or null (when 61 = 62 = 0), whereas it 
must be timelike or null by the dominant energy condition. Thus, dominant 
energy =^ J oc ^ and hence that 



= ^[.^p]|„+ = - (6.57) 

= i[aRp]^ix\^_^ (by Einstein's cq.) (6.58) 

= i\p(^a\i^\'^+ (by result of Question IV. 3) (6.59) 

(6.60) 
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^ dcrK on ^ t ■ dn = foT any tangent vector t to H'^ 
^ K is constant on H~^. 



6.2.2 Smarr's Formula 

Let S be a spacelikc hypersurface in a stationary exterior black hole space- 
time with an inner boundary, H, on the future event horizon and another 
boundary at zq. 




The surface H is & 2-sphere that can be considered as the 'boundary' of the 
black hole. 



Applying Gauss' law to the Komar integral for J we have 



J = 



SttG 



dSnDi,D''m'' + 



[ dSuR'^^.m" + Jh by Killing vector Lemma 



SttG 

where Jh is the integral over H. Using Einstein's equation, 

1 



J 



Tm^ + Jh 



(6.61) 
(6.62) 

(6.63) 



In the absence of matter other than an electromagnetic field, we have T^,y = 
Tfj,v{F), the stress tensor of the electromagnetic field. Since g^^T^y{F) = 
T{F) = we have 



J = [ dS^Ti',{F)wy + Jh 
is 



(6.64) 



for an isolated black hole (i.e. T^jy = Tni,{F)). 
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Now apply Gauss' law to the Komar integral for the total energy (= 
mass) . 



M 



-ITT^ I dS^R^'.k'' - / dS^,D^'k^' (insert ^ = k + Vtum) 
47rG Jy, ottG Jh 



(6.66) 



since VLh is constant on H. For T^y = T^y{F) {T{F) = 0)we have 
M = -2 [ dS^T'',{F)k'' + 2VLhJh - ^ / dS^.D^^e 



for an isolated black hole. Using ( 6.64 ) we have 



(6.67) 



(6.68) 



For simplicity, we now suppose that T^^{F) = 0, i.e. the black hole has zero 
charge (see Questions III.7&:8 for general case). Then 



M = 2nHJ -^f^ dS^.D^^e 



Lemma 



{(.f^nu - iyU^) dA on H 



(6.69) 



(6.70) 



where n is s.t. n • = —1. 



Proof n and ^ are normals to so we have to check coefficients. In 
coordinates such that 
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= -^(1,1,0,0) (6.71) 
= -L(l, -1,0,0) (6.72) 

we should have jdS'oil = dA. Wc do if dS^^, is as given. [There is still a sign 
ambiguity. Fix by requiring sensible results]. 
Thus 



^ dA^ ■ n {k is constant by 0*^(iS^) 



AttG 



AttG 

where A is the "area of the horizon" (i.e. H) 
Hence 



A (6.75) 



kA 
M = h 



(6.76) 



This is Smarr's formula for the mass of a Kerr black hole. [Exercise: Check, 
using previous results for k, Qh, and A]. In the Q ^ case, this formula 
generalizes to 

kA 

M = — + 2^hJ + ^hQ (6.77) 
47r 

where is the co-rotating electric potential on the horizon (see Question 
III.6&7). 

6.2.3 First Law 



If a stationary black hole of mass M, charge Q and angular momentum J, with future 
event horizon of surface gravity k, electric surface potential and angular velocity Ojy, is 
perturbed such that it settles down to another black hole with mass M + 5M charge Q + 5Q 
and angular momentum J + 5J, then 



dM = ^dA + nndJ + ^ndQ 
Stt 



(6.78) 



1) Definition of $h and proof for Q / in Q. III.6&7. 
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2) This statement of the first law uses the fact that the event horizon of 
a stationary black hole must be a Killing horizon. 



'Proof for Q = (Gibbons) Uniqueness theorems imply that 

M = M{A, J) (6.79) 

But A and J both have dimensions of (G = c = 1) so the function 
M{A, J) must be homogeneous of degree 1/2. By Euler's theorem for homo- 
geneous functions 

,dM BM 1_ 

A—- + J—- = -M (6.80) 



dA dJ 2 
t 

Stt 



-^A + Q,hJ by Smarr's formula (6.81) 



Therefore 



, , dM k\ ^ fdM ^ , ^ 



dA SnJ \ dJ 
But A and J are free parameters so 

6.2.4 The Second Law (Hawking's Area Theorem) 



If T^jy satisfies the weak energy condition, and assuming that the cosmic censorship hypoth- 
esis is true then the area of the future event horizon of an asymptotically flat spacetime is 
a non-decreasing function of time. 



Technically the cosmic censorship assumption is that the spacetime is 
'strongly asymptotically predictable' which requires the existence of a glob- 
ally hyperbolic submanifold of spacetime containing both the exterior space- 
time and the horizon. A theorem of Geroch states that in this case there 
exists a family of Cauchy hypersurfaces 5](A) such that 5](A') C D"'" (5](A)) 
if A' > A. 
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E(A') 



E(A) 



We can choose A to be the affine parameter on a null geodesic generator of 
. The "area of the horizon" ^(A) is the area of the intersection of S(A) 
with W+. The second law states that A{\') > A{\) if A' > A. 



(6.84) 



Idea of proof To show that ^(A) cannot decrease with increasing A it is 
sufficient to show that each area element, a, of H has this property. Recalling 
that 

da 
dX 

we see that the second law holds if 6 > everywhere on Ti.'^. To see that 
this is true, recall that if < the geodesies must converge to a focus or 
caustic, i.e. nearby geodesies to a given one passing through a point p must 
intersect 7 at finite affine distance along it. The first point q for which this 
happens is called the point conjugate to p on 7. 



conjugate 
point 




Points on 7 beyond q are no longer null separated. They are timelike sep- 
arated from p. An example illustrating this is light rays in a flat 2-dim 
cylindrical spacetime. 
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7 



s q y 



7 



7- 



point on 7 beyond g 

can be reached by timelike curve 

from J) 



conjugate point to p on 7 
(on far side of cylinder) 



p space 

The existence of a conjugate point to the future of a nuU geodesic generator 
in 7^+ would mean that this generator of 7^+ has a finite endpoint, in con- 
tradiction to Penrose's theorem, so the hypothetical conjugate point cannot 
exist. Thus it must be that ^ > everywhere on ?i+ and hence the second 
law. 

= only for stationary spacetimes. 
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Example Formation of black hole from pressure-free spherically-symmetric 
gravitational collapse. Illustrate by a Finkelstein diagram 
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Consequences of 2"^* Law 



(1) Limits to efficiency of mass/energy conversion in black hole collisions. 
Consider Finkelstein diagram of two coalescing black holes. 




gravitational 
radiation 



Then energy radiated is Mi + M2 — M3, so the efficiency, 77, of mass 
to energy conversion is 

' Ml + M2 M1 + M2 

Assuming that the two black holes are initially approximately station- 
ary, so Ai = lOvrMf and A2 = 167rM| the area theorem says that 

^3 > 167r (Mf + M|) (6.86) 

But ISttM^ > (with equality at late times), so 

M3 > ^Ml + Ml (6.87) 

Thus 



,<l- V^f^ <l-4. (6.88) 
' M1 + M2 V2 

The radiated energy could be used to do work, so the area theorem 
limits the useful energy that can be extracted from black holes in the 
same way that the 2"*^ law of thermodynamics limits the efficiency of 
heat engines. 
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(2) Black holes cannot bifurcate. Consider M3 — Mi + M2 (with Mi > 
and M2 > 0) . The area theorem now says that 



M3 < y M2 + M| < Ml + M2 (6.89) 

but energy conservation requires M3 > Mi + M2 (with M3 — Mi — M2 
being radiated away). We have a contradiction so the process cannot 
occur. 
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Chapter 7 

Hawking Radiation 



7.1 Quantization of the Free Scalar Field 

Let be a real scalar field satisfying the Klein- Gordon equation. 

{D^'d^, - m}) = (7.1) 

Let {^a} span the space S of solutions. We shall assume that the spacetime 
is globally hyperbolic, i.e. that 3 a Cauchy surface S. A point in the space 
S then corresponds to a choice of initial data on E. The space S has a 
natural symplectic structure. 



A > 



where d is defined by 

f^g = fdg-gdf 
'Natural' means that A does not depend on the choice of S. 




(7.2) 



(7.3) 



(7.4) 



119 



But 



(</ 



d 



<t>a {rin?<t>i3) - {rr?(t>a) (pp 



, 



(7.5) 
(7.6) 



using the Klein-Gordon equation in the last step. 

The antisymmetric form (pa A (pp can be brought to a canonical block 

1 



diagonal form, with 2x2 blocks 



, by a change of basis (Darboux's 



theorem). Thus, real solutions of the Klein-Gordon equation can be grouped 
in pairs {(p,(p') with (p A (p' = 1. It then follows that the complex solution 
ip = {(p — i(p') /v^ has unit norm if we define its norm by HV'lP = (pAcp' 
or, equivalently, 



= i ds^^p* d ip . 



(7.7) 



More generally, we can introduce a complex basis {V'i} of solutions of the 
Klein-Gordon equation with hermitian inner product defined by 



(7.8) 



{ipuipj) = i J dS^ip* d ipj , 

and we can choose this basis such that {'^pi,^pj) 
is not positive definite, however, because 
choose the basis {ipi} such that 



This inner product 
^. In fact, we can 



{tpi,tpj) = S; 



(7.9) 



ij J 



We could interpret the complex solution ^ = aiipi as the wavefunc- 
tion of a free particle since ( , ) is positive-definite when restricted to such 
solutions, but this cannot work when interactions are present. It is also 
inapplicable for real scalar fields. A real solution $ of the K-G equation can 
be written as 



To quantize we pass to the quantum field 



(7.10) 



(7.11) 
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where {aj} are now operators in a Hilbert space 7i with Hermitian conjugates 
a\ satisfying the commutation relations 



[ai,aj] = 0, 



ai, a 



Sij ih = i) 



(7.12) 



We choose the Hilbert space to be the Fock space built from a 'vacuum' 
state I vac) satisfying 

ai |vac) = Vi (7-13) 

(vac|vac) = 1 (7.14) 

i.e. 7i has the basis 



|vac) , a| |vac) , a|oj |vac) 



} 



( I ) is a positive-definite inner product on this space. 

This basis for 7i is determined by the choice of |vac), but this depends on 
the choice of complex basis {^pi} of solutions of the K-G equation satisfying 
(7.9). There are many such bases. 

Consider {V'i} where 
iP'i = J2{Aiji^3+Bijr,) (7.15) 



This has the same inner product matrix ([7.9[) provided that 



AA^ - BB^ 
AB'^ - BA^ 



1 





Inversion of (|7.15|) leads to 



^3 = Y.^jki^'k + B'jki'k 



where 



a! = aK b' 



-B' 



Check 



^P' = A{A'^' + B'^'*)+B{A'*i;'* + B'*i;') 
= {AA' + BB'*) i^' + {AB' + BA'*) ^j'* 

AA^ - BB^) i)' - (ab'^ - BaA i)' 



(7.16) 

(7.17) 

(7.18) 

(7.19) 
(7.20) 

(7.21) 

(7.22) 
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But A' and B' must satisfy the same conditions as A and B, i.e. 

A'A'^-B'B'^ = 1 (7.23) 
A'B''^ - B'A''^ = (7.24) 

Equivalently, 

_ rTr* _ 1 

(7.25) 



A'^A - B'^B* = 1 
A^B - B'^A* = 



These conditions are not imphed by ( 7.16| ); the additional information con- 
tained in them is the invertibility of the change of basis. 

In a general spacetime there is no 'preferred' choice of basis satisfying 
( [7.9D and so no preferred choice of vacuum. In a stationary spacetime, 
however, we can choose the basis {ui} of positive frequency eigenfunctions 
of k, i.e. 

k^d^Ui = —iuJiUi, uji > (7.26) 

Notes 

(1) Since k is Killing it maps solutions of the Klein-Gordon equation to 
solutions (Proof: Exercise). 

(2) k is anti-hermitian, so it can be diagonalized with pure-imaginary 
eigenvalues. 

(3) Eigenfunctions with distinct eigenvalues are orthogonal so 

{u^,u*)=0 (7.27) 

We can normalize {ui} s.t. {ui,Uj) = 6ij, so the basis {n,} can be 
chosen s.t. ( [7^ ) is satisfied. 

(4) We exclude functions with oj = 0. 

For this choice of basis the vacuum state |vac) is actually the state of 
lowest energy. The states a\ |vac) are one-particle states, ajaj |vac) two- 
particle states, etc., and 

N = ^ala^ (7.28) 

i 

is the particle number operator. 
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7.2 Particle Production in Non-Stationary Space- 
times 



Consider a 'sandwich' spacetime M = M_ U Mq U M4 









t > <2 


M+ 


stationary spacetime 




Mo 


time-dependent metric 


t < ti 




stationary spacetime 



t2 
t 

h 



In M_ we can choose to expand a scalar field solution of the Klein-Gordon 
equation as 



in M_ 



(7.29) 



The functions solve the KG equation in M_ but not in M, so its 

continuation through Mq will lead to some new function ipi^x) in M+, so 



in M4 



(7.30) 



Because the inner product ( , ) was independent of the hypersurface S, the 
matrix of inner products will still be as before, i.e. as in (|7.9| ). But, as we 
have seen this implies only that 



for some matrices A and B satisfying ( [7.16| ). Thus, in M4 

i 

= E 



^a-Ui(x) + a-"^<(a 



(7.31) 

(7.32) 

(7.33) 
(7.34) 
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where 



(7.35) 



This is caUed a Bogoliubov transformation. A and B are the Bogoliuhov 
coefficients. 



Note that (Exercise) 
= 



<^ relations (7.25) satisfied hy A k B (7.36) 



a'i,a'/ 



U B = then (ItI^ ) and ([7l25|) imply A^A = AA^ = 1, i.e. the change of 
basis from {ui} to {ipi} is just a unitary transformation which permutes the 
annihilation operators but does not change the definition of the vacuum. 
The particle number operator for the i^^ mode of k is 



Ni 



a,]ai 



N[ = a[^a[ inM^ 



in M_ 



(7.37) 



The state with no particles in M_ is |vac) s.t. ai |vac) = Vi. The expected 
number of particles in the i^^ mode in Mj^ is then 



vac 



(iV;> ^ (vac|iV;|vac> = ( 

{akBki) (a]B*, 



vac 



( vac 
( vac 



vac ) BkiB'^ 



vac 



[B^B 



(7.38) 
(7.39) 

(7.40) 
(7.41) 



The expected total number of particles is therefore tr (5^5). Since B'^ B is 
positive semi-definite, this vanishes iff S = 0. 
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7.3 Hawking Radiation 



The spacetime associated to gravitational collapse to a black hole cannot 
be everywhere stationary so we expect particle creation. But the exterior 
spacetime is stationary at late times, so we might expect particle creation 
to be just a transient phenomenon determined by details of the collapse. 

But the infinite time dilation at the horizon of a black hole means that 
particles created in the collapse can take arbitrarily long to escape - suggests 
a possible flux of particles at late times that is due to the existence of 
the horizon and independent of the details of the collapse. There is such a 
particle flux, and it turns out to be thermal - this is Hawking radiation 

We shall consider only a massless scalar field $ in a Schwarzschild black 
hole spacetime. From Question IV.4 we learn that the positive frequency 
outgoing modes of $ have the behaviour 



near Consider a geometric optics approximation in which a particle's 
worldline is a null ray, 7, of constant phase u, and trace this ray backwards 
in time from 9"'". The later it reaches 9"'" the closer it must approach 7^+ 
in the exterior spacetime before entering the star. 



The ray 7 is one of a family of rays whose limit as t — 00 is a null geodesic 
generator, 7//, of 7^+. We can specify 7 by giving its affine distance from 
jH along an ingoing null geodesic through 7^+ 




(7.42) 




— e, u = log e 

K 



continuation into past of null 
geodesic generator of H'^ 
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null geodesic 



The affine parameter on this ingoing null geodesic is U, so U = —e. Equiv- 
alently 

u = ——\oge (on 7 near 7^"*") (7.43) 

K 

so 

$0; ~ exp ^— log near 7^+ (7.44) 

This oscillates increasingly rapidly as e — ^ 0, so the geometric optics approx- 
imation is justified at late times. 

We need to match onto a solution of the K-G equation near . In 
the geometric optics approximation we just parallely-transport n and I back 

to $5" along the continuation of 7//. Let this continuation meet 9~ at = 0. 
The continuation of the ray 7 back to 9^ will now meet 9~ at an affine 
distance e along an outgoing null geodesic on 




^; = 



The affine parameter on outgoing null geodesies in is t; (since ds^ = 
dudv + r^dil^ on SJ"), so = — e on 7 so 

$0; ~ ] ~ log(-^) \ (7-45) 



126 



This is for V < 0. For -y > an ingoing null ray from passes through Ti^ 
and doesn't reach so = ^u>{v) on where 







u > 



exp log(-i;)) V <{) 

Take the Fourier transform, 



*- = /_ 



— CO 





exp <^ iu)'v -\ log(— t;) \ dv 



Lemma 



= - exp [-^) icl'^O for J >Q 



(7.46) 

(7.47) 
(7.48) 

(7.49) 



Proof Choose branch cut in complex t;-plane to lie along the real axis 



a;' > 



branch cut 



u;' < 



For cj' > rotate contour to the positive imaginary axis and then set v = ix 
to get 



^uji'^') ^ exp I -w'x + — log ^xe ^''/^^ | 



(7.50) 
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Since u' > the integral converges. When a;' < we rotate the contour to 
the negative imaginary axis and then set v = —ix to get 

= ij^ exp|a;'a; + ^log(xe^''/2)|dx (7.52) 

= ^■'^P J X ~^ — ^og{x)^ dx (7.53) 

Hence the result. 

Corollary A mode of positive frequency u on SJ"*", at late times, matches 
onto mixed positive and negative modes on SJ" . We can identify (for positive 

CO') 

A^u,' = 4.(^0 (7.54) 
^0.0;' = ^U-^') = -e-^'^/^'^U^') (7.55) 

as the Bogoliubov coefficients. We see that 

(7.56) 



But the matrices A and B must satisfy the Bogoliubov relations, e.g. 

Sij = (aA^-BB^) (7.57) 
\ y ij 

= J2^ikA%-BikB*^ (7.58) 

k 

^ Jg7r(a;,+a;,)/« - l] ^ BikB*^ (7.59) 
k 

Take z = j to get 

(bB^) = - — ] (7.60) 

Now, what we actually need are the inverse Bogoliubov coefficients corre- 
sponding to a positive frequency mode on matching onto mixed positive 
and negative frequency modes on SJ"^. As we saw earlier, the inverse B 
coefficient is 

B' = -B'^ (7.61) 
The late time particle flux through SJ"*" given a vacuum on SJ" is 

{Ni)Q+ = ({B'y B') =(b*bA =(bbA* (7.62) 
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But (BB'^).. is real so 

V /It 

(7.63) 



{Ni) 



3^+ g27ra)i/K _ I 



This is the Planck distribution for black body radiation at the Hawking 
temperature 

T„ = I (7.64) 

We conclude that at late times the black hole radiates away its energy 
at this temperature. From Stephan's law 



,2 

where A is the black hole area. Since 

2 



E = Mc^ A=(^) , ksT^-^ (7-66) 



we have 

dM hc^ 



dt G^M^ 
which gives a lifetime 



(7.67) 



^ , M3 (7.68) 



Note The calculation of Hawking radiation assumed no backrcaction, i.e. 
M was taken to be constant. This is a good approximation when dM/dt <^ 
M, but fails in the final stages of evaporation. 



7.4 Black Holes and Thermodynamics 

Since T = ^ is the black hole temperature, we can now rewrite the 1^* law 
of black hole mechanics as 

dM = TdSBK+O.HdJ+^HdQ, (O^, intensive, J, Q extensive) (7.69) 

where 



'S'bh = -jT 
Ah 



(7.70) 
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is the black hole (or Beckenstein-Hawking) entropy. 

Clearly, black hole evaporation via Hawking radiation will cause Sbu to 
decrease in violation of the 2°*^ law of black hole mechanics (derived on the 
assumption of classical physics) . But the entropy is 

S = Sbh + 5ext (7.71) 

where S'cxt is the entropy of matter in exterior spacetime. But because 
the Hawking radiation is thermal, S'cxt increases with the result that S* is a 
non-decreasing function of time. This suggests: 

Generalized 2"^* Law of Thermodynamics 

S = >S'BH + 5'ext is always a non-decreasing function of time (in any process). 

This was first suggested by Beckenstein (without knowledge of the precise 
form of S'bh) on the grounds that the entropy in the exterior spacetime could 
be decreased by throwing matter into a black hole. This would violate the 
2°^^ law of thermodynamics unless the black hole is assigned an entropy. 

7.4.1 The Information Problem 

Taking Hawking radiation into account, a black hole that forms from grav- 
itational collapse will eventually evaporate, after which the spacetime has 
no event horizon. This is depicted by the following CP diagram: 
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final point of 
evaporation of 
black hole 

^0 



Si is a Cauchy surface for this spacctimc, but S2 is not because its past 
domain of dependence (S2) does not include the black hole region. In- 
formation from Si can propagate into the black hole region instead of to S2. 
Thus it appears that information is 'lost' into the black hole. This would 
imply a non-unitary evolution from Ei to S2, and hence put QFT in curved 
spacetime in conflict with a basic principle of Q.M. However, from the point 
of view of a static external observer, nothing actually passes through H"*", so 
maybe the information is not really lost. A complete calculation including 
all back-reaction effects might resolve the issue, but even this is controversial 
since some authors claim that the resolution requires an understanding of 
the Planck scale physics. The point is that whereas QFT in curved space- 
time predicts Tjoc ^ 00 on the horizon of a black hole, this should not be 
believed when kT reaches the Planck energy {hc/G)^^"^ because i) Quan- 
tum Gravity effects cannot then be ignored and ii) this temperature is then 
of the order maximum (Hagedorn) temperature in string theory. 
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Appendix A 



Example Sheets 



A.l Example Sheet 1 

1. Explain why 

(i) GR effects are important for neutron stars but not for white dwarfs 

(ii) inverse beta-decay becomes energetically favourable for densities 
higher than those in white dwarfs. 

2. Use Newtonian theory to derive the Newtonian pressure support equation 



Jo 

for a spherically-symmetric and static star with pressure P{r) and density 
p{r). Show that 



Assuming that P' < 0, with P = at the star's surface, show that 




Gmp 



where 





Gm'^{r) P{r)r^ 
327r ^ 4 
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M - 



Assuming the bound 

where ne(r) is the electron number density, show that the total mass, M, of 
the star satisfies 

g) \mN, 

where uin is the nucleon mass and He is the number of electrons per nucleon. 
Why is it reasonable to bound the pressure as you have done? Compare your 
bound with Chandresekhar's limit. 

3. A particle orbits a Schwarzschild black hole with non-zero angular mo- 
mentum per unit mass h. Given that o" = for a massless particle and a = 1 
for a massive particle, show that the orbit satisfies 

(fu Ma _ n 

where u = 1/r and (f) is the azimuthal angle. Verify that this equation is 
solved by 

1 _ _J2iJ__ 

^ ~ 6M ^ 3M ~ Mcosh^{u(t>) ' 

where oj is given by 



AlJ = ±^|\l 




where cr = 1 for a massive particle and cr = for a massless particle. 
Interpret these orbits in terms of the effective potential. Comment on the 
cases = 1/4, = 1/8 and o;^ = 0. 

4. A photon is emitted outward from a point P outside a Schwarzschild 
black hole with radial coordinate r in the range 2M < r < 3M. Show that 
if the photon is to reach infinity the angle its initial direction makes with 
the radial direction (as determined by a stationary observer at P) cannot 
exceed 

. /27M2 / 2M\ 
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5. Show that in region II of the Kruskal manifold one may regard r as a 
time coordinate and introduce a new spatial coordinate x such that 

Hence show that every timelike curve in region II intersects the singularity 
at r = within a proper time no greater than vrM. For what curves is this 
bound attained? Compare your result with the time taken for the collapse 
of a ball of pressure free matter of the same gravitational mass M. Calculate 
the binding energy of such a ball of dust as a fraction of its (conserved) rest 
mass. 



6. Using the map 

{t,x,y,z) X 



t + z X + iy 
X — iy t — z 



show that Minkowski spacctimc may be identified with the space of Hermi- 
tian 2x2 matrices X with metric 

ds^ = - det{dX) . 

Using the Cayley map X ^ U = j-^f^, show further that Minkowski space- 
time may be identified with the space of unitary 2x2 matrices U for which 
det(l + [/) 7^0. Now show that any 2 X 2 unitary matrix [/ may be expressed 
uniquely in terms of a real number r and two complex numbers a, /?, as 

a P 



U 



-P a 



where the parameters (r, a,P) satisfy |ap + = 1, and are subject to the 
identification 

{T,a,(3) ~ (r + TT, -a, . 

Using the relation 

(1 + U)dX = -2idU{l + U)-^ , 

deduce that 

is the metric on Minkowski spacetime and hence conclude that the conformal 
compactification of Minkowski spacetime may be identified with the space 
of unitary 2x2 matrices, i.e the group U{2). Explain how U{2) may be 
identified with a portion of the Einstein static universe x R. 
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A. 2 Example Sheet 2 



1. Let ^ be a Killing vector field. Prove that 

where Ruij,aX is the Riemann tensor, defined by [D^, Di^] Vp = R^up'^Va for 
arbitrary vector field v. 

2. A conformal Killing vector is one for which 

for some non-zero function Q.. Given that ^ is a Killing vector of ds^, show 
that it is a conformal Killing vector of the conformally-equivalent metric 
h?ds^ for arbitrary (non-vanishing) conformal factor A. 
Show that the action for a massless particle, 



is invariant, to first order in the constant a, under the transformation 
x''^x^ + a^ix) e^e+^a egf" (C^g),,^ 

if = (,^d^ is a conformal Killing vector. Show that ^ is the operator 
corresponding to the conserved charge implied by Noether's theorem. 

3. Show that the extreme RN metric in isotropic coordinates is 

ds'^ = - ^1 + ^ j dt^ + [dp^ + p^d^l^) (t) 

Verify that p = is at infinite proper distance from any finite p along any 
curve of constant t. Verify also that jt| ^ oo as p ^ along any timelike or 
null curve but that a timelike or null ingoing radial geodesic reaches p = for 
finite affine parameter. By introducing a null coordinate to replace p show 
that p = is merely a coordinate singularity and hence that the metric (f) 
is geodesically incomplete. What happens to the particles that reach p = 0? 
Illustrate your answers using a Penrose diagram. 



4. The action for a particle of mass m and charge q is 



S[x, e] = d\ 



]-e ^x'^x''g^y{x) - \m^e - qx^'A^{x) 



(*) 
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where is the electromagnetic 4-potential. Show that if 

for KilHng vector ^, then S is invariant, to first-order in ^, under the trans- 
formation ^ + a^^{x). Verify that the corresponding Noether charge 

-i^{mu^-qAp) , 

where u^^ is the particle's 4-velocity, is a constant of the motion. Verify for 
the Reissner-Nordstrom solution of the vacuum Einstein-Maxwell equations, 
with mass M and charge Q, that C}^A = for = ^ and hence deduce, for 
m 7^ 0, that 

r 2M ^ dt _ ^ qQ 

\ r r"^ J dr m r ^ 

where r is the particle's proper time and e is the energy per unit mass. Show 
that the trajectories r{t) of massive particles with zero angular momentum 
satisfy 

^dr' ^ ' V mMy/ r \\m) ) 
Give a physical interpretation of this result for the special case for which 

5. Show that the action 

S[p, x,e\= J dXip^x^" - [g^''{x)p^p^ + rr?\} 

for a point particle of mass m is equivalent, for g = 0, to the action of Q.4. 
Show that S is invariant to first order in a under the transformation 

5x^' = aK'^'p, 5p^ = - ^appp^df^KP" 

for any symmetric tensor K^^, obeying the Killing tensor condition 

DipK^,) = . 

Show that the corresponding Noether charge is proportional to K^^'^p^pi, and 
verify that it is a constant of the motion. A trivial example is K^y = g^i,; 
what is the corresponding constant of the motion? Show that £,^£,1, is a 
Killing tensor if ^ is a Killing vector. [A Killing tensor that cannot be 
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constructed from the metric and Killing vectors is said to be irreducible. In 

a general axisymmctric metric there arc no such tensors, and so only three 
constants of the motion, but for geodesies of the Kcrr-Ncwman metric there 
is a 'fourth constant' of the motion corresponding to an irreducible Killing 
tensor.] 

6. By replacing the time coordinate t by one of the radial null coordinates 



show that the singularity at A = of the Robinson-Bertotti (RB) metric 



is merely a coordinate singularity. Show also that A = is a degenerate 
Killing Horizon with respect to ^. By introducing the new coordinates 



obtain the maximal analytic extension of the RB metric and deduce its 
Penrose diagram. 




V 





{U,V), defined by 




137 



A. 3 Example Sheet 3 



1. Let e and h be the energy and and angular momentum per unit mass of a 
zero charge particle in free fall within the equatorial plane, i.e on a timelike 
(cr = 1) or null (cr = 0) geodesic with ^ = 7r/2, of a Kerr-Newman black 
hole. Show that the particle's Boyer-Lindquist radial coordinate r satisfies 



dr 
dX 



where A is an affine parameter, and the effective potential V^ff is given by 



/ 2M e 



2ash , „ , , 



e 
r 



+- 



1 + 



2M 



2. Show that the surface gravity of the event horizon of a Kerr black hole 
of mass M and angular momentum J is given by 

_ - J2 

~ 2M(M2 + VM^ - J2) ■ 



3. A particle at fixed r and ^ in a stationary spacetime, with metric ds^ = 
g^y{r,9)dx^dx^ , has angular velocity ^ = ^ with respect to infinity. Show 
that r2(r, ^) must satisfy 

gtt + 25*,;!.^^ + gcjiclP^ ^ 

and hence deduce that 

^ = 5t</, - gttgu > 

Show that D = A(r) sin^ for the Kerr-Newman metric in Boyer-Lindquist 
coordinates, where A = — 2Mr + + e^. What happens if (r, ^) are such 
that V < 07 For what values of (r, ^) can Q vanish? Given that r± are the 
roots of A, show that when V = 

-I- 



4. Show that the area of the event horizon of a Kerr-Newman black hole is 

„2 



A = SvriM^ + \/M^ - e2M2 - J2 " 

2 
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5. A perfect fluid has stress tensor 

T^v = (p + P)u^u^ + Pg^u , 

where p is the density and P{p) the pressure. State the dominant energy 
condition for T^^, and show that for a perfect fluid in Minkowski spacetime 
this condition is equivalent to 

p> |P| . 

Show that the same condition arises from the requirement of causaUty, i.e. 
that the speed of sound, ^/\dP/dp\, not exceed that of hght, together with 
the fact that the pressure vanishes in the vacuum. 

6. The vacuum Einstein-Maxweh equations are 

G^. = 87tT^,{F) D^F'"' = 
where = dfj^A^, - di,A^j,, and 

TAP) = ^^(^m'^.a - \g^.uF^^F^p) . 

Asymptotically-flat solutions are stationary and axisymmetric if the metric 
admits Killing vectors k and m that can be taken to be A; = ^ and m = 
near infinity, and if (for some choice of electromagnetic gauge) 

where the Lie derivative of A with respect to a vector ^, JC^A, is as defined in 
Q.4 of Example Sheet 2. The event horizon of such a solution is necessarily a 
Killing horizon of ^ = k + O.H'm, for some constant ^Ih- What is the physical 
interpretation of fiij? What is its value for the Kerr-Newman solution? The 
co-rotating electric potential is defined by 

$ = e^^M • 

Use the fact that R^u^^^^ = on a Killing horizon to show that $ is constant 
on the horizon. In particular, show that for a choice of the electromagnetic 
gauge for which $ = at infinity. 
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for a charged rotating black hole, where r_|_ = M + ^/M^ — _ ^2 

7. Let ^) be an asymptotically flat, stationary, axisymmetric, so- 

lution of the Einstein-Maxwell equations of Q.6 and let E be a spacelike 
hypcrsurfacc with one boundary at spatial infinity and an internal bound- 
ary, H, at the event horizon of a black hole of charge Q. Show that 

where is the co-rotating electric potential on the horizon. Use this result 
to deduce that the mass M of a charged rotating black hole is given by 

M = — + IQhJ + ^hQ . 

where J is the total angular momentum. Use this formula for M to deduce 
the first law of black hole mechanics for charged rotating black holes: 

dM = —dA + QndJ + ^ndQ . 

Sir 

[Hint: £^{F^"'A^) = ] 
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A. 4 Example Sheet 4 

1. Use the Komar integral, 

for the total angular momentum of an asymptotically-flat axisymmetric 
spacetime (with Killing vector m) to verify that J = Ma for the Kerr- 
Newman solution with parameter a. 

2. Let I and n be two linearly independent vectors and B a second rank 
tensor such that 

B^.'^l^ = B/n^ = . 

Given that 77^'^ (i = 1, 2) are two further linearly independent vectors, show 
that 

where 9 = Ba°'. 

3. Let be a Killing horizon of a Killing vector field ^, with surface 
gravity n. Explain why, for any third-rank totally-antisymmetric tensor A, 
the scalar ^ = A^^^P{^^Dy^p) vanishes on J\f. Use this to show that 

{i[pD„^^^.){D'^e) = Ki^,D,^e (on M) , (*) 

where the square brackets indicate antisymmetrization on the enclosed in- 
dices. 

^Prom the fact that ^ vanishes on M it follows that its derivative on M 
is normal to J\f , and hence that ■^[^j^j,]'!' = on A^. Use this fact and the 
Killing vector lemma of Q.ILl to deduce that, on AA, 

i^vRapyi^^a] + ^pRva\0^^a] + ^<7Rpv\J3^ia])^\ ■ 

Contract on p and a and use the fact that = on A/" to show that 

= -^p,^[pR.]''^X (on N) , (t) 

where R^y is the Ricci tensor. 

For any vector v the scalar $ = • — k^) ■ v vanishes on A^. It follows 
that ^[^di,]^\x = 0. Show that this fact, the result (*) derived above and 
the Killing vector lemma imply that, on A^, 

e^ipda]!^ = eR^.u[aX]Cx 
= ^"^[pRajun^^X , 
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where the second hne is a consequence of the cychc identity satisfied by the 
Riemann tensor. Now use (f) to show that, on M, 

= CiaRp]^^X (A.l) 

= 87TGC[aT/Cx, (A.2) 

where the second hne follows on using the Einstein equations. Hence deduce 
the zeroth law of black hole mechanics: that, provided the matter stress 
tensor satisfies the dominant energy condition, the surface gravity of any 
Killing vector field is constant on each connected component of its Killing 
horizon (in particular, on the event horizon of a stationary spacetime). 

4. A scalar field $ in the Kruskal spacetime satisfies the Klein-Gordon 
equation 

- = . 

Given that, in static Schwarzshild coordinates, $ takes the form 

^ = Re{r)e-'^'Yeie,(t>) 

where is a spherical harmonic, find the radial equation satisfied by 
R(,{r). Show that near the horizon at r = 2M, $ ~ e^*'^''*, where r* is the 
Regge- Wheeler radial coordinate. Verify that ingoing waves are analytic, in 
Kruskal coordinates, on the future horizon, but not, in general, on the 
past horizon, 7^~, and conversely for outgoing waves. 
Given that both m and u vanish, show that 

Ri = AiPi{z) + BiQi{z) 

for constants A^, Bg, where z = (r — M)/M, Pi{z) is a Legendre Polynomial 
and Qe{z) a linearly- independent solution. Hence show that there are no 
non-constant solutions that are both regular on the horizon, H = T-C^ U TiT , 
and bounded at infinity. 

5. Use the fact that a Schwarzschild black hole radiates at the Hawking 
temperature 

(in units for which ^, G, c, and Bolzmann's constant all equal 1) to show 
that the thermal equilibrium of a black hole with an infinite reservoir of 
radiation at temperature Th is unstable. 
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A finite reservoir of radiation of volume V at temperature T has an 
energy, Eres and entropy, Sres given by 



where cr is a constant. A Schwarzschild black hole of mass M is placed in 
the reservoir. Assuming that the black hole has entropy 

Sbh = 47rM2 , 

show that the total entropy S = Sbh + Sres is extremized for fixed total 
energy E = M+Eres, when T = Th, Show that the extremum is a maximum 
if and only if F < Vc, where the critical value of V is 

" 5V 

What happens as V passes from V < Vc to V > Vc, or vice-versa? 

6. The specific heat of a charged black hole of mass M, at fixed charge Q, 
is 

OSbh 



C = Th- 



where Th is its Hawking temperature and Sbh its entropy. Assuming that 
the entropy of a black hole is given by Sbh = \-^-, where A is the area of 
the event horizon, show that the specific heat of a Reissner-Nordstrom black 
hole is 

^_ 2Sbh^M^-Q^ 



(M - 2^M2 - Q2) 
Hence show that changes sign when Af passes through 

v3 

Repeat Q.5 for a Reissner-Nordstrom black hole. Specifically, show that 
the critical reservoir volume, V^ is infinite for \Q\ < M < Why is this 
result to be expected from your previous result for C? 
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ADM energy, 85 
affine parameter, 10, 92 
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Beckenstein-Hawking entropy, 119 
bifurcate Killing horizon, 28 
bifurcation 
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black body radiation, 118 
black hole, 16 

entropy, 119 
Bogoliubov transformation, 113 
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co-rotating electric potential, 102 
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congruence, 92 
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degenerate pressure, 5 
dominant energy condition, 89 

Eddington-Finkelstein coordinates 
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Einstein Static Universe, 38 
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Finkelstein diagram, 15, 16 
fixed point, 23 
fixed sets, 23 

Frobenius' theorem, 26, 96 
future event horizon, 44 
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congruence, 92 

deviation, 93 
global violation of causality, 74 
graviton, 69, 85 

Hawking 

radiation, 114 
temperature, 34, 118 

imaginary time, 33 
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isotropic coordinates, 21 
Israel's theorem, 69 

Kaluza-Klein vacuum, 66 
Kerr metric, 70 
Kerr-Newman family, 69 
Kerr-Schild coordinates, 71 
Killing 

horizon, 26 
bifurcate, 28 
degenerate, 65 

vector, 11 
Klein-Gordon equation, 109 
Komar integrals, 87 
Kruskal-Szekeres coordinates, 17 

maximal analytic extension, 20 

naked singularity, 47 
null hypersurface, 24 

parallel transport, 10 
particle number operator, 112 
Pauli-Fierz equation, 86 
Penrose 

process, 79 
Planck distribution, 118 
positive energy theorem, 91 
proper time, 14 

quantum gravity, 120 

Raychaudhuri equation, 97 
Regge- Wheeler radial coordinate, 
15 

Reissner-Nordstrom solution, 50 
Rindler 

metric, 31 
spacetime, 30 
Euclidean, 34 

sandwich spacetime, 112 
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Schwarzschild metric, 12 
singularity 

conical, 35 
Smarr's formula, 102 
static, 68 
stationary, 68 
Stephan's law, 118 
string theory, 120 
strong energy condition, 90 
super-radiance, 81 
surface gravity, 26, 33 
symplectic structure, 109 

Tolman law, 35 
totally-geodesic, 72 

uniqueness theorems, 68 
Unruh 

effect, 35 

temperature, 35 

weak energy condition, 90 
weak static dust, 86 
white dwarf, 6 
white hole, 17 



